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Abstract

The problem of derivation and calculation of sensitivity functions for all parameters of the mass balance reduced model of
the COST benchmark activated sludge plant is formulated and solved. The sensitivity functions, equations and augmented
sensitivity state space models are derived for the cases of ASM1 and UCT reduced biological models. Matlab software for
sensitivity function calculation and sensitivity model simulation is developed. The results are described and discussed. The
behaviour of the sensitivity functions is used to determine which parameters of the reduced model need to be estimated in
order to fit the reduced model behaviour to the real data for the process behaviour.
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Introduction

The problem of effective and optimal control of wastewater
treatment plants has become very important in recent years
due to increased populations and requirements for the quality
of the effluent. The activated sludge process (ASP) is a waste-
water treatment process characterised by complex nonlinear
dynamics, a large number of variables, and a lack of sensors for
real-time measurement of many of these variables. The above
process characteristics require real-time control design and
implementation strategies to be developed in order to achieve
process operation which is compliant with the international
standards for effluent quality. Modern optimal control design
and implementation for the activated sludge process demands
extensive insight into the plant’s operation, clear objectives,
and knowledge about process dynamics described by an appro-
priate mathematical model. Modelling is the most critical phase
in the solution of any control problem because nearly all control
techniques require knowledge of the dynamics of the system
before control design can be attempted. This means that the
primary task of any modern control design is to construct and
identify a model for the system which is to be controlled.
Mathematical models of the wastewater treatment pro-
cesses were developed using the first principles of conservation
of mass and energy (Copp, 2002), on the basis of developed
biological models, such as the first ones described by Dold et
al. (1980), Henze et al. (1987) and Wentzel et al. (1992). The
obtained mass-balance models describe the process-technology
structure and biological reactions taking part in this structure.
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Examples of such models are the COST benchmark model
(Copp, 2002) and the University of Cape Town (UCT) model
(Ekama and Marais, 1979; Ekama et al., 1984). The most used
biological models are the IAWQI (Henze et al., 1987) — the
model of the International Association for Water Quality called
Activated Sludge Model 1 (ASM1), and the UCT model — the
model developed at the UCT Department of Civil Engineering
(Dold et al., 1980).

The full ASM1 and especially the UCT model present
major problems in terms of their direct use for real-time simu-
lation and control design purposes, because of their complexity,
limitations and drawbacks, as follows:

» Large number of model variables

* Complex dependencies and interconnections between the
biological variables

» Different time scales for the process dynamics

* The control actions for the process are not included in an
explicit way in the model equations

* Many variables are difficult to measure

* Many model kinetic and stoichiometric parameters are dif-
ficult to determine and have uncertain values

A way to overcome these difficulties would be to simplify the
complex model by developing reduced biological and
mass-balance models with a small number of variables,

while still maintaining the same characteristics as these of the
original full model (Pearson, 2003). Kinetic parameters of this
reduced model can be determined by development and applica-
tion of different methods for parameter estimation (Holmberg
and Ranta, 1982; Jeppson, 1996; Halevi et al., 1997; Noykova
and Gyllenberg, 2000).

Solution of the problem of parameter estimation is based
on the given mathematical model in which the parameters are
not known, and on data for the process variables obtained by
measurement. Many of the biological nutrient removal models
are not identifiable since they have many more parameters than
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feasible measurements (Pertev et al., 1997; Varma et al., 1999).
In this case the problem can be solved if the influence of the
parameters on model behaviour is studied and the non-influen-
tial parameters are considered to have zero or constant known
(nominal) values. The influential parameters can then be
estimated on the basis of data from the measurements (Varma
et al., 1999). The goal of the paper is to develop a mathematical
and computational tool for determining which parameters can
be accepted as known and which need to be estimated on the
basis of the reduced model of the COST benchmark process
(Du Plessis, 2009).

A sensitivity study of the model variables towards the
model parameters provides a tool to identify the influential
parameters. The sensitivity study of the dynamic model set
of equations examines the changes in the model variables in
response to changes in the model parameters (Smets et al.,
2002; Mussafiet et al., 2002; De Pauw and Vanrolleghem,
2003). Parameters resulting in large values for the sensitivity
function have to be estimated (Sato and Ohmori, 2002; Louries
et al., 2008). If some parameters with small values for the sensi-
tivity function could be found, the problem of parameter esti-
mation could be simplified by considering these parameters as
known (Holmberg and Ranta, 1982; Noykova and Gillenberg,
2000).

There are different mathematical methods for parametric
sensitivity analysis, such as finite difference, direct, the Green’s
function, the polynomial approximation, and so on. Most previ-
ous studies have used the finite difference method (Smets et
al., 2002; Plazl et al., 1999; Mussafiet at al., 2002; Varma et al.,
1999; Pertev et al., 1997). This method is calculation-intensive
and gives a local estimation of the sensitivity function for a
given parameter. The global sensitivity method simultane-
ously calculates the sensitivity functions for a large number of
parameters and for a large variety of parameters. This method
allows better analysis of the parameter’s influence as it provides
full information about each sensitivity function. The direct
method is applied for the mass balance model of the COST
benchmark plant (Copp, 2002), based on ASM1 and UCT
reduced biological models, developed in Du Plessis (2009). The
mass balance models are used for derivation of the sensitivity
functions of the model variables towards all kinetic and stoi-
chiometric model parameters. As a result, a dynamic sensitivity
state-space model is developed. The reduced process model is
augmented with the sensitivity model in order to build a model
giving possibilities for global sensitivity analysis of all model
variables to all model parameters. Matlab software for sensi-
tivity function calculation and global (augmented) sensitivity
model simulation is developed. The results are described and
discussed.

First, a definition of the sensitivity functions is given.
Reduced ASM1 and UCT biological and benchmark mass
balance models are then described. The augmented sensitiv-
ity state-space model of the benchmark mass balance reduced
model, based on the ASMI biological model and based on
the UCT biological model, is derived further. Description
of Matlab software and results from simulation of the above
models are given followed by discussion of the results. Finally,
a summary of the results is given and their importance and
applicability discussed.

Sensitivity functions, vectors and models

The behaviour of physical systems is determined by the values
of their parameters. Investigation of the system response to
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changes in the values of the parameters enables determina-
tion of parametric sensitivity. Such analysis is important for
all spheres of science and engineering, especially for design of
the systems and their control (Frank, 1978; Varma et al.,1999;
Fesso, 2007). The sensitivity function X?(#) of the nonlinear
system:

X(0.1)= g(x(0,2), 0(t), u(t)), X (0) = X, M

where:
XER'is the state space vector,
u€R™ is the control vector,
g€R' is the nonlinear vector function of the process states,
controls and parameters, and
OER? is the vector of the parameters, is defined as (Sato &
Ohmori, 2002):

ax(6.1)
20(t)

X°(0,1)= Cx0@.y, = 20D T o, ()]
26,

In other words, the sensitivity function (ng,-) is a mathematical

description which indicates the influence of a slight change in

parameter Oj on the behaviour of the state variable X, and X’€R".

Differentiating (1) according to the vector 8 gives the sensitiv-

ity dynamic nonlinear equation:

(o= 280 o), %0 o0

X (1)_WX (t)+ﬁ, X°0)=0 3)
The solution of the Eq. (3) describes the sensitivity func-
tion behaviour, but requires data for the state-space vari-
ables of the model given by Eq. (1). This means that a set
of Eq. (1) and (3) has to be solved simultaneously. The set
of these 2 equations can be represented as an augmented
mathematical model (Tzoneva et al., 1996). The augmented
sensitivity model is obtained by extension of the model
state-space vector by the vector of the sensitivity func-
tions, as follows:

s X0.0) g(X(0,0),0(),u(1))

X (9,:):[).(6(9 ZJ =| B8X(0.0.00).u0)) yoy ) , X EG.0,00.uD)

g X (6,1 26(1) @)

S XO
o

The augmented model is used for global parametric analysis of
the reduced COST benchmark mass balance model for the case
of the ASM1 and UCT reduced biological models. Equations
(1)-(4) are derived for each of these 2 cases.

Reduced biological and mass balance models
for cost benchmark plant layout

Reduced biological models

A fundamental requirement for development of reduced
models is that they contain a minimum number of state vari-
ables and parameters to allow for model identification based
on available online measurements and for online calculation
of the process optimal control. Different types of reduced
models are introduced in the literature (Moore, 1981; Glover,
1984; Safanov and Chiang, 1989; Latham and Anderson,
1985; Al-Saggaf and Franklin, 1988; Wisnewski and Doyle,
1996; Halevi et al., 1997; Beck et al., 1996; Lee at al., 2002;
Jeppson, 1996) using different approaches of reduction, such
as qualitative analysis, truncation methods, dominant eigen-
values, and optimisation.

The existing biological models of the activated sludge
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process are characterised by a large number of processes and
compounds, as well as a large number of kinetic and stoichio-
metric parameters. These models, such as ASM1 and UCT, are
very complex for use in real-time state and parameter estima-
tion and process optimisation. ASM1 and UCT reduced models,
used in conjunction with the benchmark mass balance model,
are developed in Du Plessis (2009), applying time-scale analy-
sis of the model variables’ dynamics (Dochain, 2003; Lennox et
al., 2001; Stecha et al., 2005; Wang and Gawthrop, 2001). This
allows decomposition of the complex models’ variables into the
following time scales:
* Fastest (minutes) — dynamics of physical-chemical variables
such as dissolved oxygen, pH, conductivity, redox potential
+ Intermediate (hours) — dynamics of utilisation of carbona-
ceous and nitrogenous substrates and the inflow flow rate
and concentrations of waste materials
» Slowest (weeks or months) — dynamics of the heterotrophic
and autotrophic microorganisms and slowly biodegradable
biomass

The main disturbances to the activated sludge process are
the load disturbances determined by the inflow rate and
waste concentrations. The control of the ASP would be
effective if it could overcome the effect of the inflow distur-
bances. This means that the model of the process has to have
dynamics within the same time scale as that of the distur-
bances. That is why only dynamics of the carbonaceous and
nitrogenous substrate and inflow disturbances are included
in the reduced model. It is possible to neglect the equations
of the full biological model describing the concentrations of
the slowest variables because their dynamics are many times
slower and they can thus be considered to be in a steady
state. It is also possible to neglect the equation for dissolved
oxygen (DO) concentration because its dynamics are approx.
10 times faster than the dynamics of the substrate concen-
trations, and it can be assumed that the value of the DO

is controlled and is equal to that of the required set-point.
The dissolved oxygen concentration as a control variable

is included in the switching functions of the process rates
describing the reduced models. The above principles are
used for development of both the ASM1 and UCT reduced
models. At the same time the differences between them, due
to the different views on the processes of adsorption and
hydrolysis, are preserved. The notations of the ASM1 model
are used for the process variables of both models. The nota-
tions of the model parameters are kept as for the original
models.

Reduced-order ASM1 biological model

Aerobic growth of heterotrophs X, for degrading of organic
matter, anoxic growth of heterotrophs for the de-nitrification
process, aerobic growth of autotrophs X, for the nitrification
process and, lastly, the hydrolysis of entrapped organic nitro-
gen, are the processes that characterise the dynamic behaviour
of the 3 components used in describing the removal of carbon
and nitrogen: soluble ammonium nitrogen S, soluble nitrate
nitrogen S, , - and soluble readily-biodegradable substrate S,
concentrations. This model is described by the Peterson matrix
given in Table 1. It has 4 processes and 3 compounds (vari-
ables), where S, is the concentration of dissolved oxygen and
X, is the slowly-biodegradable substrate concentration. The
typical values of the model parameters for the ASM1 model are
given in Table 2.

http://dx.doi.org/10.4314/wsa.v38i2.17

Available on website http://www.wrc.org.za

ISSN 0378-4738 (Print) = Water SA Vol. 38 No. 2 April 2012
ISSN 1816-7950 (On-line) = Water SA Vol. 38 No. 2 April 2012

Table 1
The reduced-order ASM1 biological model in a matrix format
Compound —> i Ss Sno Snu IP; j = process for the n-th tank
process \L J
Process
l.Afelioblc grov;/llh 10 —iyy i S s, ¥
of heterotrophs Y, H Ks+S;5 | Koy +So BH
P-Anoxic growth | 1 |1-Y, |_ iXB i S Ko Syo
of heterotrophs Y, |286Y, K +85 \ Koo \ KnotSio X
B.Aerobic growth 1 1 S S
_— _l —_ NH o X
of autotrophs Y, XB Y, ﬂ{iKW S0, ][ Ky, + 5, BA
#. Hydrolysis 1 0 X,/ Xy
hion e ox
x T, T ABH,
ERrE A
|\ Kon+So KoutSo AKyo+Sxo

The corresponding differential equations describing the vari-
ables’ rates for the n-th tank are:

it

RN Ss So S Sno Kou
¥y = _— — - +
S l: IXBHH[K +S, I&)H*S())XM} IXI{HH[K +S, IKW*‘S\'O Kou+So e
®)

Swi
Ko+So \NKirtSyn

4 - NO 6

£y l: SG?IXBIM{KSJ“S IK) I Kyot w}{| { {Kf)ﬁSoIKvH*S\VHJXA} ©
S
s 7{ Y, ﬂ”[Ks +Sg

B || B
Kou+So II *S KyotSyo K011+S ¢

+k;[ X/ Xy H S, ]m{ Swo | Ko HX )
KA X J\ K5,y KyaSvo\ Ko+
Table 2

ASM1 model parameters

Symbol | Value | Explanation

Y, 0.24 | Autotrophic biomass yield

Y, 0.67 | Heterotrophic biomass yield

i 0.086 | Nitrogen mass per mass of COD in biomass

u, 0.8 | Maximum specific growth rate of autotrophic
biomass

. 6 Maximum specific growth rate of heterotro-
phic biomass

K 20 Half-saturation coefficient for heterotrophic
biomass

K, 0.2 Oxygen half-saturation coefficient for hetero-
trophic biomass

K. 0.5 | Nitrate for denitrifying heterotrophs

K, 1.0 Ammonium half-saturation coefficient for
autotrophic biomass

K, 0.4 | Oxygen half-saturation coefficient for auto-
trophic biomass

1, 0.8 | Correction factor for p, under anoxic
conditions

n, 04 Correction factor for hydrolysis under anoxic
conditions

k, 3 Maximum hydrolysis rate

. 0.03 | Half-saturation coefficient for hydrolysis of

slowly-biodegradable substrate
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Reduced-order UCT biological model

The model is described by the Peterson matrix given in
Table 3. It has 10 processes and 4 variables. The considered
processes are: aerobic growth of X, on S, with §
anoxic growth of X, on

S, with §, ., anoxic growth of X, on S with S, , aerobic
growth of X, onS , with S, , aerobic growth of X, on

NO? , onwith § . anoxic
growth of X, onS , with S, ,adsorption of X

on S, . The additional variable, representing

the main concept of the enzyme reactions in the UCT model
is § ., which describes the concentration of the adsorbed
given in Table 4. The UCT notations for the model para-
meters are used.

X N i 3€T0-
bic growth of X, on S, with S, ,
NO?
S . with S, . anoxic growth of X, -
, aerobic
growth of X,
slowly-biodegradable substrate. The model parameters are
The corresponding equations for the variables’ rates are:

ads "M
Yo

[ Swir ( So ] _{ Kon I Svo }, .
_ 1K,{ Sl Xsn ]X Kyt Sy )\ Kou+So ) \ KoutSo AKyo+Svo
Ksp+(S,/ Xn)

+K Xy X s = Sis] Xor) (8)

BH +
+[ Kiia I Svo 1[ So ] +[ Ko }7 }
Kia+Sxa \NKno+Swo |\ Korr+So ) \ Ko +S0 )™

Table 3
The reduced-order UCT biological model in a matrix format

>0 1S S S Syo Process rates, P for the n-th tank
{
i
1) 1
- S a5 So S Yy
zH KS + SS KL)H +S(? KIIA +SWI
2) — 9
T Twn | (s Y 5 (ke |
Mgl 2 = .o (isH
Yo Koty | KourtS, | KurtSun | KurtSio
3) Z .
,L _fZB,H 72186),;" i Ss Ko Sy I So ]X
B H o o o o BH
Yo “t Ks+Ss | Kou+So \Kua+Syu N\ Kyo+Syo
» N LS Y K | Ku (e ),
Yo oL i Kea w55 | Kow+50 | Kt Sys N Ko #500 |
~Jz.H
» 1 ~fun K St | X So S X
Yur Y\ Ko +Sui ! Xow ) Kow +So \Kua+Syu )" "'
6)
L ~Jwn |y [ Sus/ Ko | _So [ Ky } Svo |y
e - B
Yo Kot Sua Xou A Kou+ S0 N Kuua+ Sy )| Kyo+Svo
7 . y
_ 1 0 ~f.u _ 1-Y, Ky Susd Xpn Kou S Svo 2K
Yo 2.86Y,, Ko Suad X ) Kon+So \ Kua+ S \ Ko+ Svo)
8) Zy
N O = Y R o
Y ‘f “ Ksp+S,ud X N Korr+So N\ K+ Ssu AN KnotSvo )
~ Sz
9 -
! 0 0 0 K XX un(f MA _Sml\/ X EII)
10)
0 0 | 1 | 1 s Sun
Ya | Y, X
) N Kor+ 5, | Kso S
25 .

( S\H ]:( S j ( I NO j:|
SS KI1A+SI\/[I K()[I+S KOII+S I\/O+SI\/0

Tos ==——HyX, BH[
7 Ko+ Ss _{ K I Svo ( ] [ Kou j
KiatSyn NKyo+Syo |\ Kou+So0 ) \Kou+So

)
So Kou Svo ||
E &HH%[KVH+S }({KHA+SVHJ:( H+SO] [KOHJrS I NO+S7\'OJ:|
-, HK\//{ Suad X :IX'{ NEH J:( So ]( Kou )[ }q:|
i Koot ud/XBH Kyt Su |\ Kout+So ) \Kor+So NO+SV0
A L e
Y “ AKSA+SVH Kou+S (10)
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Table 4
Reduced-order UCT process parameters
with their common values

ASM1/ Value |Explanation

UCT

notations

Y,/Y, 1015 |Autotrophic biomass yield

Y,/Y,, 10.666 |Heterotrophic biomass yield

i/ fy 10.068 |Nitrogen mass per mass of COD in
biomass

u/my, 0.5 Maximum specific growth rate for auto-
trophic biomass

u,/my, 2.5 Maximum specific growth rate for hetero-
trophic biomass

K. /K, |5 Half-saturation coefficient for heterotro-
phic biomass

K,/K,, |0.002 |Oxygen half-saturation coefficient for
heterotrophic biomass

K,/K,, |0.1 Nitrate half-saturation coefficient for
denitrifying heterotrophic biomass

K., /K, |1 Ammonium half-saturation coefficient for
autotrophic biomass

K, /K, 10.002 |Oxygen half-saturation coefficient for
autotrophic biomass

I’]g/ ny, |0.33 | Correction factor for u, under anoxic
conditions

k,/K,, |135 |Maximum specific growth rate of the het-
erotrophs when utilising adsorbed particu-
late slowly-biodegradable COD

rovm X, S Svo Sl X _
ot Korr+So Ayo+Svo, K~M+S\4H 1<5H+SS KSPJF(*S;A/X/;H)
Yl Xorr ||

286]25[ KJH+S0 Ig-m*Sw K\.oJrSw){ Koy +Ss &4}1{ S, d/XBHH

=Yy Kou | Kus Yad Xt
{ PR fZBH:|XB‘{[1§)H+% Kyy.itSvi ICVU+SNO]:M‘{]§H+SSJ qu[&r* d/XBH]:H
_*ﬂ[ Swi So ]XBA (1 1)

Y \Kss+Syu \Kor+So

Mass-balance reduced model of the benchmark plant

The layout of the COST benchmark structure (Copp, 2002) is
given in Fig. 1. The benchmark format has 2 anoxic tanks, 3
aerobic tanks and a secondary settler with 2 recycle flows (from
aerobic tank 5 to the input and from the settler to the input),
where: O, is the input flow rate, O is the internal recycle flow
rate, O , n=1:5, is the output flow rate of the n-th tank, 0 is

the recycle flow rate, Q, is the effluent flow rate, and Q, is the
waste flow rate, X n=I.5, is the vector of the waste compound
concentrations in the influent and the n-th tank. The values of
the flow rates and tanks volumes are given in Table 5

A 00X,
0,X, X X, X5 Xy X4 =
‘X'V’
=i anl P{A2 P Ac3 P Acd B Aes H
Q>
oxX, QA @ Qs Q |Q" t

Figure 1
Wastewater treatment plant layout of the benchmark model
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Table 5

Benchmark plant specifications
Notation Value Description
0, 18 446 m*/day Influent flow rate
0, 55 338 m*/day Internal flow rate
0, 18 446 m*/day Recirculation flow rate
0, 385 m¥/day Waste flow rate

(sludge age 10 days)

V,V,/ V.=V 1000 m® /1333 m? Anoxic/Aerobic volume

The mass-balance equations describing the benchmark struc-
ture for the reduced ASM1 and UCT biological models in
discrete time domain are (Du Plessis, 2009):

For Tank 1: where 0=0 +0,+ 0O,

.S, (k) + Q. Sy, (k) +

At
N]I k+1)=S,, (k) + Aty (k
(D= S )+ { +0,fS,,(K)-0S,y, (k)} s (O

At Q:;Svos(k)‘*'QSvo;(k)
k+1)=Sy (k) + +A k
Sho (k4D = 5o, (0)+ L’ OyS oy (k) — OS yo, (k):l trsm( )
At| QuSs, (k) + 0,85, (k)
Ss (k+1)=S5 (k) + + Atrg (k
5, (k+1) = S5 (k) LQO 60 QSS,(k)} rs,, (k)

- Ar] QoS (k) +0,8 g (k) +
Sadsl (k + 1)_ Sudﬁ (k)+ V]|:+ Qo adw’( )_ QSad;‘ ( ) + AtrSmA‘ (k) (12)

For Tank n=2, 3, 4, and 5:

Sy, (k+1)= Sy, (k)+— (SNH( RGEO™ (k))]+ Arrg,, (k)

Swo, (k+1) =Sy, (k) +— (SNO( .)(k) Syo, (k))]+ A (k)

o
o
Sg (k+1)=Sg (k)+ 7[Q(sg (k) -5, (k))]+ Atrg (k)

Sads, (k + 1) ads, (k ) + % [Q(Sads( ,) Sads, (k ))]* Alrgyq,, (k ) (13)

where:

X =[S, S, /7 and
X =[S

T
n NHn "~ NOn ~ Sn adsrr] b4 . .
n=I.:5, are vectors of the concentrations of the variables

considered in the ASM1 and UCT reduced models, and
At=15 (min) is the sampling period. The model of the
settler, considered as an ideal one, is incorporated in the
above equations as:

X, = X,

NHn N()n

(14)

where:
for the soluble compounds, A=1, and for the particulate
compounds, 4=(Q,+Q)/(Q +Q,).

The above equations are the same for both the ASM1 and UCT
model, as structure, flow and volume. The difference is in the
description of the number of compounds and the process rates,
due to the different approaches to representing the biological
activities of the microorganisms in these 2 models (Wentzel et
al., 1992). The variables’ rates r are described correspondingly
by Egs. (§) +(7) for the reduced ASM1 and by Egs. (8)+(11) for
the reduced UCT model.

Additionally to the parameters of the reduced models, a
parameter /s included in the mass balance equations for the 1%
tank. This parameter multiplies the concentration of the ammonia
nitrogen in order to take account of the biological ammonia not
considered in the reduced models, due to neglecting of the variable

', (Soluble biodegradable organic nitrogen concentration).
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The sensitivity of the reduced model variables towards the
model parameters is evaluated by using the theory of sensitiv-
ity (Schermann and Garag-Gabin, 2005; Montgomery, 1997,
Breyfogle and Breyfogle, 2003).

Augmented sensitivity mass balance model
derivation for the case of ASM1 reduced model

Sensitivity functions and equation derivation
The derivations of the sensitivity functions and models are
analogous for every process tank. That is why they are calcu-

lated for the n-th tank, as follows:

* For the parameter f
1) For the 1®tank

§ / f
S§H,1 [Q SNH s+ 0S5 + OoSyi g — QSNH,,I]Jr 15)
SNH, 1 SNO 1 @ f
+Fsvm, ]SIf\;H 1+ Tsvi 1SN0, 1 +VS‘NH 1551
Sf ! SNH, 1
S/</0,1 [Q S/vo s+ 0,50, _QSIf\;().l]-" Tsno, 1 SI/\;H,I +

SNO1 @ f SS of
+7ov0,1 80,1 F Tsn0,155, 1 (16)

r SNH 1
s,1]+rss 1 SNH 1t

o1
sz,l =7[QaSS[,5 +QrS5{5 -0S

a7
+rSsSwl) IS/() 1 +r§§’118£1
2) For tanks 2 + 5
St o = 51005k 1oy = Sl e S0
+ SSVAZ) :SJCU at rSI\fH”nSf (18
SiCO,n = L[Q(S;CU,M—I *SNO n) + rs%\g[ nnSICH nt
+ rSSNAg) n"S]</0 n T rssi\fé’jnssf, n (19)
:L[Q(S’ Ss n)*rssVH "S %, n
+ SS”O "S0.n 1550 SE. (20)
i Y= Wn/df vow ASs /df= ng are the sensitivity

functlons of the process variables towards the parameter f. The
variables’ rate derivatives towards the process variables

. or. '
Olsnmn _ switons Orsnirn  svon 2 SNH,n _ .SS.n sy, _ wit.n
28 = VsNH 0 s =T sNH n oS SNH ,n =Tsno.n
NH.,n O NO, n S,n NH.n
6l"SNO, n _ _NO,n » 0”5.&'0‘” _ S8, b} arSS, no_ 0 b} &SSN _rswan s SSn SS,n
=Tsvo.n g = Tsnoon = =lssn =Tssn
OSno,n 0Ss., oS NH . n Byan s,

are given in Appendix A.

* For the parameters
O=Y., Yy, ixgs iy yr> Kss Koprs Kivos Kars Kous Mg> 1> ky, Ky

1) For the 1* tank

50 0 SNH 1
S —*[(Q +0, )SNH 5 QSNH 1]"’ vk 1 Sha .+
SNO.1 6 .
+ oxrg 1 S o1 TSN 1SS+ o1 21)
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. 1 ;
S:‘O,l :?[(Qa +Q,)SZO_5 *stlo,l]* ”SSI\;J(;[,iISZH,l +

1

SNO.,1 0 551 @b 0 22
+75n50,1 S 80,1 F Tsno1Ss,1 F Tswo, 1 22)
o _ 1 0 0 SNH .1 g0
S5 *;[(Qa +QV)SSTS 7QSSTI:|+ st Snuat
1
SNO,1 6 55,10 0
+rss1 Sno,1 + s Ss1 F s (23)
2) For the tanks n=2,5
o _ | 6 0 SNH, n o0
N ? [Q(SNH,A—I - SNH,n) +TsnE 0 Sswi,n +
1
SNO,n 6 SS.n Qb 0
5Nk SNo.n F ISNHS S, n + TSNH, n (24)
o _ |l 0 0 SNH, n 0
Sno,n —;[Q(SNO,M _SNO,n) T80, 0 Ssni,n +
1
SNO,n O SS.n @O 0
+7580m SNo,n + TsNOwSs,n TSN, n (25)
o _ 0 0 58,1 G0
S5, = V[Q(Ss,n—l _Ss,n)]+ Tssn st n +
1
SNO,n g0 5S.n @0 0 (26)
+Ts5.0 Snon T s S8 0t s
where:
0 0 0 i p
S Svow s, are the sensitivity functions to the

parameter g, the partial derivatives of the variable’s rates
according to the variables are determined above and the
derivatives of the variables’ rates according to the model
parameters are given in Appendix A.

Augmented sensitivity state-space model

The sensitivity state-space model is derived for the whole plant.
The vector of the sensitivity state-space consists of all sensitiv-
ity functions according to the model parameters, as follows for
the n-th tank:

Sktn Skon S8.n SNian SN S5t Siitn SNown Ssin SNt S S5 -

y Ha i QHi Hir Hr gKs Ky Ks gKorr  ¢Kon gKon
SNtrn SNom Ssin SNit.n Snon Ssin Sitn SNU,n S SNl SNU,n Seo o

0 45
= eR
" Ky K, K Ky K, K, Ko, Kox  oKox Qe Ty g
Siiin SNGn S5 Snitin Snon S5’ Sxtiin Sxoin Ss' Shitn Sno.n Ssn -
S¥n S S5 S\ian SNan Ssin Shin SNen S5 @7
The state process variables’ vector for the n-th tank is:
T 3
X, =[S0 Swon Ss.al €R (28)

The combined vector for the process variables and sensitivity
functions for the n-th tank is:

x5 =|x, s¢|er® 29)

This vector is used for the augmented state-space process and
sensitivity-function model derivation.

The matrix of the derivatives of the variables’ rates towards
the process variables is:

or, SN N . ’ N p ]
w [ .SNH.n SNO.w SS.n . SNH.n SNO,n SS.n . SNH,n SNO,n SS,n 3x3
= [.wn,n TSNt n TSN > TNOLn TsNoun Tsnowns Tss.n Tss.n Tss.n |€ R (30)

ox,

The vector of the derivatives of the process rates to the model
parameters, Appendix A, is:
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f S - I T Yy Yoo i iy ixp
Tsntt,n Ysnoon 1'ss,n Vsnt,n YsNon VsS,n Vst,n YsNon T'ss,n Tsnt,n T'sNOn 7SS,n
Hy Ay V- iy wy Ky K Ks Ko Ko Koy
or, | "sNH.n TSNOn 755, TsNH.n TsNOw T5S.n TsNH.n TsNO.n TsS.n "sNH,n TsNOL Tss,n e
= e

Kvo Ko Ko Ky Ky Ky Koy Koy Koy g /Ty T
TsnH,n TsNO.n T'ss;n VsNH,n "sNOn Vss,n TsNH,n TSNOn Tss,n TsNt,n TsNO Ts,n

Th

7y 7y
Vsnt,n Ysnon Ts:

o TSkt TSN TS%n TN TN TS5 @D
Description of the augmented model in the discrete state-space
domain is given for every tank separately because of the large
dimensions of the vector of the state-space.

* Augmented sensitivity state-space equation for the 1*tank
in the discrete form incorporates the process variables and
sensitivity functions, as follows:

X7k + 1): AS (X uy, k)X (k) + CF py (X uy, )+ (32)
+ leXm(k)jL DfY(Xl’ U, k)+ A5 (X]’ Uy, k)Xg(k)
where:

the variables’ rates are expressed by the process rates
r(k)=C5p (k), and
P,=lp,P,P,; P, isavector of the process rates,
u,(k)=S,, (k) is the dissolved oxygen concentration in the 1*
tank, considered as its control action:

AIU,ng, YH, YAaiE’ My Hys

A (x,, u,, k)= diag! 4, e R®
Ky, Kows KyosKigrs Kogs Mg s Kiys K

(33)
IY;
1-= 0 0
v 0
At «
4= 0 1—7Q1 0 4, eR*S
1
At
0 0 1-=
] v, )
1 A g SNH, 1 A SNO, 1 SS,1
+Al — % + v Tsni, ) Atraniy
1
IR ) B
1
A s vea(-2st)
1

The matrices 4 are identical for all parameters. The matrix
C Srepresents the parameters in the Peterson matrix and is:

1

—iyp 0 _T
s : 4x48 H
Cl :[C1:04X45]€R x » B 1-Yy 1
Cy =At+ B 286Y, Yy
1 1
B 0
Yy Yy
0 0 1 G4
The matrix B S is:
At
At — 0 0
A 500 S 7 9
B 4 . A
B’ = 2 eR®3 B =| i |€eR®E B =| 0 ?QO 0 |eRrR™
1
U 0 10 At
D)
. . s . . _ T
The inflow variables’ concentration vector is X, 5 =[S\ ” Svo " S, ¢] .

The vector D ® represents the derivatives of the variables’ rates
towards the model parameters.

T
H 4 4 _ s .
DS = les-[”&w.l Tsno,1 rSS,ll O=f. Yy, Yysixg, g by, Ks, Koy,

= k" 36
KoKt Kogs Mg > i ks K (36)

The matrix 4, describes the internal recycle between the end

of the 5"tank and the beginning of the 1*'one. The connections
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are done by the vector X S=/X_ S ’/eR":

0 .
Aé - diag A5, A5, 0= [, Yy Yo iy s My Ko Koy e R¥*% (37)
KN(J!KNH’K()A!’]g”]h!kh?KX

where:
all matrices 4, are identical and:

%(Qﬂ ) o 0
%(QﬁQv) 0
%(QA +0)

Ai=45= 0 eR?

0 0

LAt
Ay = dmg{— ©.+o )}
14
* Augmented sensitivity model equations for tanks n =2 + 5

The state-space model incorporating the process variables and
sensitivity functions are derived for the n-th tank, as follows:
X5 (k1) = 43X, 1, )G )+ G Xk )+ D (X, ke )+ 47, X

n

(38)
where:
_ T
pn_[pnl an pn3 pn4]
0 .
Aj —dia A, A4, 0=1.Y,Y iy, pys tys K, Ko Ko, c R4
Ky Ko Mgs> Ths ky, Ky
(39
At SNH, n SNO, n S8, 1
1- v O+ Atrgyy ), Aty Atrayr
. At r
gl e Moasr ey, |ers
Ay Mg =Dl andy
N
-— 0
3 O
4=l 0 1-%g o |
Va
N
0 0 170,

n

The matrices 4, S are:

0 .
15 Aynts O= 1 Y Yo s 145 315 K Ko Ko
A;i’ﬂ =diaA{A"'"1 Ay I Y Y ixgs ds typ> K, Kops Ko }ER48X48

Kyt Ko Mg s ke Ky (40)
where:
A and 4 ° are identical
n,n-1 n,n-1
At
—0,_, 0 0
v O,
At ;
Alil},llfl =4, .= 0 —0, 0 eR?
V.
At
0 0 —
7 O

A,i,,,l = diag{%QH} < R4 48

n

The vector D S is:

. T
S [ 0 o o 119=S Y Yosivg e s Ky Ko Kyor 3
Dy =| Ovs:Vswign Tswan s Ko K kK e
NH> (7A’77g5 Tl K> By (41)

The matrices C ® are equal to C 5.

* Augmented sensitivity state-space model of the whole plant
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The model of the variables and sensitivity functions for the
whole plant is described on the basis of Egs. (32) and (38) as

follows:
X5k +1)= A°X5(k)+ C7 plx, u, k) + BSX,, + D*(x, u, k) 42)

The matrices A5eR*%?*" and CSe R**?% are:

4 0 0 0 A4 ¢S 0 0 0 0
45 45 0 0 0 0 C; 0 0 0
A=l 0 45 4 0 o|C=l0o 0 c 0 o
0 0 45 4 o0 0 0 0 C o
0 0 0 45 4 0o 0 0 0 C;5

The vector of the process rates is:

Pt P2 Pz Pria Par P Paz P Pt P2 Py Pas
plx, u, k)=

T
} eR” (43)
Pat Paz Pz Pas Psi Ps2 Ps3 Psa

The matrix BS and the vector D* are:

B
S 240 x3
B° = R
) (44)
01923
DS =[pf DS DS D DS € R* 45)

Model (42)-(45) is used to calculate the parametric sensitivity
functions of the benchmark structure with the ASM1 reduced
model.
Augmented sensitivity mass balance model
derivation for the case of the UCT reduced-
order model
Sensitivity function and equation derivation
The order of calculation is done in the same way as above.
* For the parameter f
1) For the 1* tank

The sensitivity functions are given by equations:

. 1 ) »

Sj\f/u,l = V[QaShCu,s + QrSj\f/u,s + Q{)SNIloﬁ - QS}CH,I]* VS?A‘;VI’IJJIS}CH,I +

1

SNO o f SS1 of Sads.1 @ f /
+ s 1 Sioa + sni 1S5+ TsnervSads + v

(46)
. 1
/ — / U f SNH 1 @ f
Sior = V[Qus.m,s +0,8Sv0,s—0S No,]]Jr Fsvo 4 Sim o+
1
SNO 1 o f LSS of Saas1 @ f /
+ Fsvo 1 SNa,l + T'svo ,1Ss,1 + v ,IISad.v,l + Tsvo (47)
. 1 .
— f f SNH 1 o f
S{= V[Qassf.s +0,555 —QSS.1]+’SS,I N
1
SNO.1 o f SSIgf Sads qf / 48
7551 Shoa +ssi S5+ st Sags + T35 “3)
‘/,1[ f f /] SNH. o f
Saas =7 O0uSids.s + OrSaas.s = OSuact |* Taaed Stara +
1
rELS o+ rSLISEy S S L 1 )
2) For the other n = 2+5 tanks
The sensitivity functions are given by the equations:
[V 1 [ (Sf s/ )] SNH.n g f
NHp = 7 O\S ¥t = Sxan |+ Tsnar o Snar o +
" (50)
SNO G f S8, Sads.n @ f
+ni10 Son T 1 St Se + Tsttn Sadsn + 1 stH.n
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. 1 )
oo / / SNH a1 o f
S\on = % [Q(S Kot —Skon )]+ snom Sk +
!

SNOw o f S of | Sadsngf ’
F 5800 Shon T TsNowS5a + Tsnom Sadsp + Tinon (5 1)
§/ _L[ (Sf s/ ) SNHn 6
sa=y O\S50m1 = S5 I+ s " S +
n
SNOw o f SSaaf Sads.n @ f , 52
55 Snom T 55 S5 F s Sadsn ¥ Tss.n (52)
gr -1 lo(sz, . — st e rinst
adsn =7 O\S asnt = Seadsn |1+ sads.n S +
n
SNOw o f SSu o f Sadsn @ f f (53)
+ Fsadsir SNOw + PsadsrS 5.0+ Tsuds.n Sads.n T Vads.n

e For the parameters
O=Y01, Y005 famirs Mas Hir s Kss Ko s Ko s Ko, Koas g s Ky s K s, Ko,

the equations are as follows:
1) For the 1% tank

50 1 0 0 SNH 1 o0
Sy = 7 [(Qa +0, )SNH,S —OS\u ]* Tsni i Snm g +
1
SNO.1 g6 SS1 of . Sads] @O 0 (54
+ FsnaSnos + FsniraSsa + Tsnir 1 Sadsy T Vs
o _ 1 0 0 SNH 1 g0
Soa = 7[(Qa +0,)S5%05 — QSN(J,I]+ Tsno. Sna +
1
SNO.1 o6 5S.1 qf Sads,| g6 ) (5)
+Tovo,1 SN(),I + rs,w),lss,l +Tsvo i Sad.v,l +Fsno
o _ 1 0 0 SNH.I o0
Ssu = ?[(Qa + Q,-)Ss,s _st,l]7L Tssa Syua+
1
SNO.1 8 SS10 | Sads g0 ) (56)
+r551 Shoa s Ssa T s Sadsa T s
S0 1 0 ) SNH.I 6
Seds1 = v [(Qa +0, )Suds,S - Qsadx,l]+ Togsa Snwy +
1
SNO.I o8 S @6 . Sads] b 1)
st Snoa o 1551 T Tadst Sadsa T Tads (57)
2) Forthetanksn=2+35
o _ 1 0 0 SNH 1 g0
Stn = v [Q(SNH,H - SNH,n) + TSNt SNt +
n
SNO.n O sSa O Sads.n g0 0 (58)
F TN 0 SN0 T TSNS s+ TSNH n Sadsn ¥ TSNH
o _ 1 0 0 SNH 1 g6
Sxon = 7[Q(SNO,n—1 —SNow )]"’ N0 Shin +
I::'o 0 SSa gf Sads.n O 0 59
NOs n ads 1
+T80m SNow F TNOmS s+ TsNom Sadsn + Tsnon
co _ 1 (a a)] SNH .1 g0
Ssu = 7[Q S5t = Ssu l* Vs " Shia +
f
(60)

SNO# 6 551 G0 Sadsn o0
55 SNOw T 550 Ss T V55 S,

0
adsn T T'ss.n

PR | 0 0 SNH.1 o0
Sadsn = 7[Q<Sads,nfl - Sadx,n) + Fsadsn SNt T
f

(1)

SNO, Sads.n S 0

) SSa G0, . 0
F Fsudsn SNOw T VsudsonSS.n T Vuds o Sads.n T Vads.n

The partial derivatives of the variables’ rates are determined in
Appendix B.

Augmented sensitivity state-space model

The augmented sensitivity state-space model is formed in
the same way as above. It is based on the model of the plant
extended with the model of the sensitivity functions. The
vector of the sensitivity functions consists of all sensitivity
functions according to the model parameters, as follows for
the n-th tank:
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- " , T
Shttn Shon St Shisw SNt SN S Sadt S\itn SN n SSa Sadtn -
Sl Sk, S{ St Sk, Sk, &4 Sk Sty Sk, ST Skt
5 SNirn SNow Ssin Sadon Sait'n SNEw SSa Satn SNiton SN 5507 Sk - e
LS SRy Sy s, SKn, SKe SEa SKet STy St S S
St SN SSAT St Sif SNSn S5t Sadin Sxiin Sxin S5 Sadkin -
Sl U S Sttt S ShGn 54 Suitn (62)
The process state-space vector for the n-th tank is:
X, =[Swin Sxom Ssr Suisn | € R?
" NH 1 ONOw D50 Dadsn (63)

The augmented vector for the process variables and sensitivity
functions is:

S 0 72 64
X,,:[X” Sn]reR 64
This vector is used to describe the augmented model of the
process variables and sensitivity functions. The matrix of
the process variables’ rates derivatives towards the process
variables is:
SNH ,n SNO ,n S8 ,n Sads 0 |7
Tsne o0 TsNH n SNH ,n - TSNH n
a SNH ,n SNO ,n SS ,n Sads ,n
'y | Tsno on SNO .n SNO .n SNO .n c R4x
aX - SNH ,n SNO ,n SS ,n Sads ,n
n ¥ss on 'SS ,n SS \n Tss.n
SNH ,n SNO ,n SS ,n Sads ,n (65)
v Sads ,n rSads R Sads ,n Sads ,n

The vector of the variables’ rate derivatives towards the para-
meters can be represented in the following way (Appendix B):

y ar
YZII r;ZII rY7/I rYZA
S,

[ f ol L Ym Yo Yu
TNH . TNOw Vs Vadsn TNH 0 INOw Tsin' Tadsn Tsin T,

rlu
NH o TNOw TSin Tadsn -+

Szpit S zit plam

y Szsi g bt b b
N "NOw TS Vadsn TN TNOw TS T Fsn 1

S Vadsn "NH.n "NOw TS Vadsn -+

K\ ﬂKS K.\' KS AK(JII K/)II K{)Il KOII K“«() K\‘U K'V(J AKNO
or, TNt Y'NOw s Vadsn "NH . "NOw Vs Vadsn VNH.n T'NOwm TS Tadsn -+ RS
“n c
00 Kyi o Kya o Kyy Ky . Kou Koy Koy Koy 71s g Mg Mg

TNt "NOw Vsn™ Yadsn "N T"NOw Vs Vadsn "NH . TNOn TS Vadsn -+

K.MP K\1P KWF K.MP KSI’ KSI" K5I' K5I' KSA K54 KSA
Nt Y'NOw Usn Vadsn "NEH o YNOw TS Tadsan TN 0w "NOw Vs Vadsn +

fu ol s o K oKi K K (66)
LNt "NOw TS Tadsn "NEn TNOw Tsn Tadson

The augmented process and sensitivity state-space model is
described for every tank separately because the large dimen-
sion of the vector of state-space and the number of tanks
creates the need for a large amount of space for describing the
model matrices.

* The state-space model for Tank 1 in discrete form is:

X (1) = A7 (X D0 (0)+ 7 (X, )+ BY X, k) +

+DF (X, uy, k) + AL (X, uy, B)XS (k) ©7)
where: p=[p, p,p,;; . p, /" isa vector of the process rates

A,S:diag 4 AIU 0= 1Yo Y045 S apm > s g s Ks o K oy s K o s K s < R7>7
KOA’Ug’KMI”KSI”KSA’fMA’KA

. At .
A, =diag{l - =0,} e R** (68)
4
The matrices 4 ’are identical for all model parameters:
Q] SNH,1 SNO.1 .S5.1 . Sads,]
1+A1 A +7snm Atrgyyy ATy A7
1
T R !
A]E - 1 ER4><4
! Y C )
1
s e s, rea(-Lotit)
1

The matrix C=/C, 0, .JeR"” represents the parameters
from the Peterson matrix:
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- fZBH 0 - I/YZH 0
0 *fzeu ’I/YZH 0
1-Y,,
- - -1/7, 0
S 28 2.86Y,, / zH
1-7,
0 _2486;:” _be‘[I —l/Y[,, 0
7/‘ZBH 0 0 71/Y7H Loxa
— At * x
C' =At 0 _fzzfu 0 _I/qu eR
- 7Y7H
- - 0 -1/Y.
S asn 2.86Y,, / ZH
1-7,
0 - 2 0 -1/,
2.867,, Sasn / zH
0 0 0 1
1
—f /Y. 0 0
| Y ZBH 74 | (69)

4x4 4 68x4
B e R™ B’ e R™,

BIS — Blg €R72X4
B]

G 00|, B, = diag(f AtQ, AtQ, AtQ, AtQﬁ)
Bl =| . L W n nho R
007;4 (70)
The inflow vector is:
Xy = [SN11¢ Syog Ssg Snd.vqb]r € R45SN(}¢ =0, Suup = Xy 71

The vector D ‘represents the derivatives of the variables’ rates
towards the model parameters:

o o 6 6 _
D 7{()]% -[rslw-u Tsnvan Tss ruz[,\,ll 0= 1 Y1, Y00 f 2115 s Mg » K Kot K.
S =

.
| eR(72)
KNA’KOA”]g’KMP’KSI”KSA’)(MA’KA

The matrix 4, *describes the internal recycle between the end
of the 5" tank and the beginning of the 1+ one. The vector X %is
formed in the same way as the vector X% : X S=/X_ S °/"eR”
where:

. . T
45— diaed .40 0= 1Yy Y05 fmirs s i K Ko s < R7F?
1s W A s g K K nt K Ksps Koo fons K

N0 Knas KoasTgs Kups Ksps K> fynas K4 (7 3)

, h
45 = diag { At(QuV + Q,-)} e

1

A :diag[At(Q“I’/+Q")]eR4‘4 4% :diag{At(Q" +Q")}e ROB68

* Derivation of the equations for tanks n =2+ 5

The return-flow dynamics for all other tanks are identical, thus
the models will have the same structure, as follows:

X3(k+1)=45(X,, u,, K)X5(k)+ C3 T p(X,, u,, k)+

n no %> no %>

+D5 (X, u,, k)+ A5, X5 (k) (74)

-1 1

where:
prz:[pn] pn_? pn3... pl1,10]T

r
O=f Yo, You f s Has - Ks s Kopy » c R7272
Kyos Kyas Koas My Kyps Ksps Ksas fuuar Ky

An = diag{l - ﬁQﬂ}
v, 4x4

n

n>“n

AS = diag{A A7

O, svn SNan 551 Sadsn
1+4 [_ A +sntn J Argny A, Al
n
SNHn [ SSin Sadsn
Ariyon 1+ At[*7 +T5n0n ] ATy, Arrgon
£ = f R
n Q €
SNHn e Y, ssa Sadsn
Alrgs,, Atrgs, I+ N[_ % 755 ] Alrgs,
f
SNHn sNan SSn O, sudsn
Nrguin Alrgaqq ATy 1+ A1 [* a +TSadsn ]
n
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The matrix 4 ? has the same structure for all parameters 6 and
for all tanks n=2:5.

The matrices 4, S are:

0 . .
Ays Ay 1:0 = Yo Youo S s s g - K g, Koy
Ko KnasKoastg: Kyps Ksps Ksas foas K| (75)

A =diag{—A’VQ“" } R, A, =diag{—A’VQ“" } R

n n

Ain—l = diag{

A, =diag {%} e R™*™ for all parameters 6.

n

The matrices C S are equal to C* with the same coefficients.

The vector D * is:

0 ;[ 0 0 0 0 19_ Yo Y T
o Fsnta Tsvon Tssin Tadsn b0 = 1> Yor: Yo Famirs as cR®
/UH’KS’KOH’KNO’K,’\/AﬂKOAJ]g’KMP’KSPJKSA’f:MA’KA (76)

* Augmented sensitivity state-space model of the whole plant

Combining all equations for the tanks, the full model is:

XS (k+1)= A5 X5 (6)+ C57 ple®u, e} BE X, () + D° (%, u, k), a7
xX5(0)=x;
where:
45 0 0 0 A
A5 45 0 0 0 B}
AS=l 0 45 45 0 0 B =|......
0 0 45 45 o
0 0 0 A5 45

3 )
R 60x360

C* =diagC?,C3,C3,C5,C3 e R, ps =[pf p§ DS D DS] <R

Pu P2 Pis Pa Pis Pis Pir Pis Pio Piio Par P
P23 Pa Pas P P21 Pas P Pao Pai P Py P
P=| Pss P P31 Pis P3o P30 Par Paz Pz Pas Pas Pas
P47 Pag Pao Pao Psi Psa Psy Psa Pss Pss Ps1 Pss
Pso Psio
The augmented model (77) is used for calculation of the
sensitivity functions of the COST benchmark plant reduced
mass-balance model for the case of the UCT reduced biologi-
cal model. The models (42) and (77) are nonlinear because of
the nonlinear rate expressions in the matrices 45 and vectors
and DS. The dissolved oxygen concentration is considered as a
control input for these models and it appears in the rate expres-
sions forming 45, r, and DS. Matlab programs are developed for
parameter sensitivity calculations using equations (42) and (77).
A matrix/vector representation of the models allows simplifica-
tion of the software code and reduction of time for calculations.

5
eR”

Sensitivity analysis

The sensitivity analysis of the wastewater treatment model
variables towards the model parameters is done in order to
determine which parameters have to be estimated for the cor-
responding reduced models during the real-time operation and
control of the process.

Software for the sensitivity analysis

Software programs are developed in the Matlab environment
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for the considered 2 cases:

* Calculation of the sensitivity functions of the benchmark
process based on ASM1 reduced biological model:
programs BASM1S.m, rateASM1.m

* Calculation of the sensitivity functions of the bench-
mark process based on UCT biological model: programs
BUCTS1.m, rateBUCTS.m

For each of the considered cases the software consists of:

* Main program for input of the nominal process parameters,
initial conditions, average values of the biomass concen-
trations, calculation of the process model matrices and
organisation of the calculation algorithm

*  Sub-programs for calculation of the process rates, sensitiv-
ity functions and formation of the sensitivity model state-
space and rate matrices and vectors.

The algorithm of the calculation is given in Fig. 2a for the main
programme and in Fig. 2b for the sub-programmes.

Input data for model
parameters, initial
conditions, biomass and
inflow values

A 4

Calculation process mass

. Global parameters
balance model matrices

v
* Calculation of the process
k=0 k=k+1 2 rates for every tank
44 v
A Calculation of derivatives of

the process rates towards the
process variables

Call subroutine for sensitivity
model matrices calculation

v v

Calculation of derivatives of
process rates towards the

Sensitivity model simulation

+ model parameters for every
Yes tank
k<K >
No v v

Calculation of the sensitivity
state space model matrices
and vectors

Simulation of the sensitivity
functions and process
behavior.Plot, Stop

Figure 2a
Flow chart of the main program for
sensitivity functions calculation

Figure 2b
Flow chart of the subprogram

Results for the ASM1 reduced biological model

Simulation is done for the parameters given in Table 3 and for
the inflow average concentration given by the vector X

X,=[31.56; 0.0;69.5;202.3].

The steady-state conditions of the biomass and the slowly-
biodegradable substrate are given by the vectors:

X, = 0.05%[2551.76%0ones(1,K);2553. 38 *ones(1,K);
2557.13%ones(1,K);2559.18*ones(1,K);2559.34*ones(1,K)];
X, = 0.05%[148.389*0ones(1,K),;148.309%ones(1,K); 148 .941*
ones(1,K);149.527*ones(1,K),;149.797 *ones(1,K)];
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X=0.05%[82.135%0ones(1,K);76.386%ones(1,K);64.855%ones
(1,K),;55.694%ones(1,K);49.306*ones(1,K)]

The vector of the dissolved oxygen concentration is:
U=[0.2;0.2;2.0,2.29;1.91].

The results from the simulations of the sensitivity functions
for Tank 1 and Tank 5 are given in Figs. 3 to 8. The minimum
or maximum values of the sensitivity functions are given in
Table 6 and Table 7.

Results for the UCT reduced-order biological model

The simulation is done for the parameters given in Table 4 and
for the inflow average concentration given by the vector X, P

X, =[31.56; 0.0;69.5,202.3].

The values for the biomass and the slowly biodegradable sub-
strate are given by the vectors:

X, = 0.02%[2551.76*0ones(1,K);2553.38 *ones(1,K);2557.13*
ones(1,K);2559.18*ones(1,K);2559.34%ones(1,K)];

X,, = 0.02%[148.389%ones(1,K);148.309%ones(1,K), 148.941*
ones(1,K);149.527*ones(1,K),;149.797*ones(1,K)];

X, = 0.02%[82.135%0nes(1,K),76.386%ones(1,K),;64.855%ones
(1,K),;55.694%ones(1,K);49.306*ones(1,K)].

The vector of the dissolved oxygen concentration is:
U=[0.2;0.2;2.0,2.29;1.91].

The results from the simulations of the sensitivity functions
for Tank 1 and Tank 5 are given in Figs. 9 to 16. The minimum
or maximum values of the sensitivity functions are given in
Table 6 and Table 7.

Discussion of the results

The minimum or maximum values of the sensitivity functions
are shown in the tables for the different process variables and
parameters. These values can be analysed as follows.

Sensitivity functions simulation for the benchmark
process model based on the reduced ASM1
biological model

The sensitivity functions of S, . for almost all parameters
(without X, and K ) display the same type of behaviour. They
start from a zero value (in some cases with a small delay), grow
in a positive or negative direction to a maximum/minimum
value and then reduce to a steady-state value. The maximum/
minimum value is in the time interval between the 5" and

8™ hour from the beginning of the simulation period. The
steady-state value is achieved at around the 15" hour from the
beginning of the simulation period. The maximum values are
obtained for parameters Y, K, K. K, K, K, K. The great-
est maximum is for parameter Y, (490), followed by K, (100)
and K ,, (80). The smallest minimums are for parameters i,
(-300), 4, (-200), and u,, (-45). The behaviour of the sensitivity
functions of S, for Tank 5 has the same characteristics as for
Tank 1, but the maximum and minimum values of these func-
tions are greater in absolute values, as for example Y, (498) and
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Table 6
Maximum or minimum values of sensitivity functions for the benchmark process model based on the
reduced ASM1 and UCT biological models
< Maximum or minimum values of the sensitivity functions
(Y]
= ASM1 - Tank1 UCT - Tank 1
o
8 SNH] SNO] SS] SNH] SW)] SS] Sud\]
flf .18 195 +0.03 B5 HE-6 FSE-11 F2E-9
v.ly. F1 F16 120 0.8 0.75, -4 B8 4000
H ZH
YA/YZA 490 400 1.8,-1.9 R75 35 F1.1E-9 F0.6E-7
iXE/fZBu 300 390 75 1900 F0.12 0.55E-9 4E-8
w/ u, 200 200 F0.75,0.95 500 4 F2E-9, 0.5E- }0.7E-7
5 F10 F0.5 9
P HH/AIH 45 F95 k220 -39 F0.3 550 1.2E-9
a Ks/Ks 1 7.5 5 0.05,-0.45 0.015 33 F35E-12
r
K(;H/Kou 8 F18 F90 190 +0.85 0.025 7.5
a Kk K. 1.2 7 F12.5 PE-3,-1E-3 BE-3 .06 .037
NO NO
Ky Ky 100 F98 0.3,-0.4 110 4, -0.5 B.5E-3 0.35
e L10 10
t| x,,/ Ko, 80, -5 60, 9 0.2,-0.25 500 1.9,0.5 ~1.5E-9 F0.6E-7
ely /,7 4.8 F14 1.95 0.5 0.6 SE-11 3.8
‘g g
rin, 4.5 F13 1.96 - + F -
S| k,/K,p 0.6 F1 55 95 R.75 F3E-11 2000
Ky 2 2.5 F180 - + F 5
Ko - - 5 105 0.2, 0.49 -38E-10 700, -250
K r - F 1.8,-0.2 3.5, 0.05 1.5E-9 0.7E-7
Sna - - F SE-4 +0.35 BE-12 300
K, - - + 0.02 F17 1.5E-10 1.2E4
Table 7
Maximum or minimum values of sensitivity functions for the benchmark process model
based on the reduced ASM1 and UCT biological models —Tank 5
§ Maximum or minimum values of the sensitivity functions
é ASM1 - Tank 5 UCT - Tank 5
8 S.’VHS N NOs N S5 SNH 5 SNOs S, S5 S, adss
7l .14 0.25 F0.025 B5 R5E-6 -3E-11 -0.9E-9
y”/yzn F1.6 F18 150 +0.95 0.5, -4 45 1900
y4/YZA H98 495,50 0.8,-0.9 295 35 ~1E-9 -0.6E-7
] F10
ivs! fomn 330 500 45 2200 -0.12,0.1 B.9E-10 KE-8
! 250,20 220, -10 +0.5,0.4 500 5,-0.3 -1E-9, 0.2E-9 |-0.8E-7
P ”H/ﬂ” F58 ~120 220 -39 0.3 -700 1.2E-9
alk,/ K, 1.2 9.5 5.5 0.4 0.015 35 -38E-10
r K{)H/KOH 6 20, 3 F50 190 +0.98 .015 [7
a K.w/K.w 1 7.5 -8 PE-3, -1E-3 BE-4 0.06 .037
MK/ K 120,-5 £120,5 0.2,-0.25 120 F120 3.5E-3 0.38
e KOA/KOA 85, -5 -75,10 (0.15,-0.15 [500 2,-0.4 -0.9E-9 -0.6E-7
t 7 /,7 k5.5 F18 1.1 0.5 0.7 3.6E-11 3.8
g I4
€, 038 [oss 3 L L - L
r kh/KMP 0.8 F1.3 60 105 3.5 -2E-11 2500
S|k, R.5 3.9 190 - - - L
Ko + - F 125 0.2, 0.49 [-2.5E-11 750, -780
K, + - F 2.5,-0.5 +4.8,0.5 |l.1E-9 TE-7
Sna r - F 6E-4 +0.49 BE-12 B50
K, + - F .027 F18 1.5E-10 1.8E4
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Process variable S, ; and its sensitivity functions towards the model
parameters for the case of ASM1 reduced biological model

KA/H.(UO) for maximum apd i XB.(330), u, (-25(.)). apd u, (—58) for
minimum values. The trajectories of the sensitivity functions
are only positive or only negative for most of the parameters.
The trajectories for the parameters Y, u,, K, , and K |, develop

298

Process variable S,

and its sensitivity functions towards the model

parameters for the case of ASM1 reduced biological model

initially as positive or negative but then at steady-states there is

a change in their sign.

The behaviour of the sensitivity functions of the process

variable S, ,

n=1, n=5, is similar to that of the variable S

NHn?
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Process variable Sy, and its sensitivity functions towards the model

parameters for the case of ASM1 reduced biological model

n=1, n=5, but the dynamics of the sensitivity functions are
slower, except for parameters Y, u, K, K, and K . The

maximum or minimum values of the sensitivity functions are

reached in a time interval between 15 and 20 h. The maximum
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Process variable S,

parameters for the case of UCT reduced biological model

and its sensitivity functions towards the model

sensitivity is towards parameters Y, (-400), i, (-390), u, (200),
K., (-98), 1, (-95) and K, (-60) for the 1* tank, and Y, (-495),
i, (-500), 1, (220), K, (-120), u,, (-120) and K, (-70) for the

5% tank.
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Process variable S, and its sensitivity functions towards the model
parameters for the case of UCT reduced biological model

rocess variable S, and its sensitivity functions towards the model
parameters for the case of UCT reduced biological model

for the 1* tanks are for parameters Y, (120), i, (75), and &, (60),
and the minimum values are for parameters u,, (-220), K, (-180),
and K, (-90). For the 5™ tank the corresponding values are Y,

The trajectories of the sensitivity functions of the variable
S,» n=1, n=2, are characterised by the slowest dynamics and
smallest maximum and minimum values. The maximum values

http://dx.doi.org/10.4314/wsa.v38i2.17
Available on website http://www.wrc.org.za
ISSN 0378-4738 (Print) = Water SA Vol. 38 No. 2 April 2012

300 ISSN 1816-7950 (On-line) = Water SA Vol. 38 No. 2 April 2012


http://dx.doi.org/10.4314/wsa.v37i4.18

Sensitivity fuction Seds1f

Sads1
8.8
Sads1f
b % o

=

0 20 © & o 10 120 0 2 0 & o 10 120
discretetime k dscrete imek
Variable Sads1YZH x10” Variable Sads1YZA
= 4000, <
S [ | My
< 200 % 03]
3 & A
20 © & o 10 10 0 2 © © o 10 10
discrete timek dscrete timek

X 10° Sensitivity function Sads1ZBH 10" Sensitivity function SadstmuA

Sads1fZBH
> o+
Sads1muA
-5

L&

0 20 2 Y EY 100 120 o 2 ) & & 100 120
discrete time dscrete ek
x10° Sensitivity function SadsimuH x10" Sensitivity function Sads1KS

Sads tmuH
Sads1KS.
h b c

disorete ime
Sensithty furction SadsTKOH

T ]

0 20 40 [y &0 100 120 0 2 40 ey &0 100 120
dscrele tivek discrele tivek

‘Sensitivity function Sads TKNH Sensitivity function Sads 1KOA

T )

0 20 40 [y &0 100 120 0
discrele timek

Sensithty function Sadsetag

discrete time,k
Sensitivity function Sads 1IKNO

Sads1KOH
o)
Sads1KNO
o
5]

3,

Sads 1KNH
oo
Sads1KOA
Lo
Lo

]

40 ey &0 100 120
discrete tirek

Sensitivity function Sads 1KMP

Sadstetag
h R c
Sads TKMP

o
8

40 [y &0 100 120 0 20 40 [y &0 100 120
dscrele time dscrete tivek

Sensitivity function Sads1KSP x10" Sensitivity function Sads1KSA

Sads1KSP

-8

Sads1KSA
°

> ¢~

0 20 40 60 & 100 120 0 2 40 60 &0 100 120
discrete tivek discrete imek
Sensitty function Sads VA 10 Sensitity function SacsTKA

< 400,
g s
< 2| { H 1} {
2 5
1 . . . . . 8

0 20 40 60 & 100 120 0 2 40 24 &0 100 120

discrete timek discrete timek

Figure 15
Process variable S, , and its sensitivity functions towards the model
parameters for the case of UCT reduced biological model
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Process variable S, , and its sensitivity functions towards the model
parameters for the case of UCT reduced biological model

(150), i, (45), k, (60), 12, (-220), K, (-190) and K, (-50). The
maximum and minimum values of the sensitivity functions in
this case are for different parameters than those in the 2 vari-
ables, S,,, and S, , considered above.
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On the basis of the above it can be concluded that model
behaviour is §§n§1tlve to parameters Y, Y, ipu, K, u i and
K. The sensitivity of variables S, and S, , n=1, n=5, is
higher than that of variables S , n=1, n=>5, for parameters Y,
i M, and K . The sensitivity of the variable S , n=1, n=5,
is greater for parameters Y, u,,, and K ,. Some of these para-
meters can be selected for parameter estimation in order to fit

the reduced model to the process data.

Sensitivity function simulation for the benchmark
process model based on the reduced UCT biological
model

The sensitivity functions of the variable S, , n=1, n=5, behave
exponentially, with the exception of the sensitivity function
for parameter K, ,, which displays a small overshoot and then
is reduced to a low steady-state value. The steady state maxi-
mum/minimum values of the sensitivity functions for the 1%
tank are f(35), Y,, (275), i,, (-1900), u,, (-39), K, (190), K .
(110), K, (500), i, (-500), K, (95), and K, (105). For the 5"
tank the corresponding values are f'(35), Y, (295), i, (-1900),
u, (39, K, (190), K,, (120), K, (500), u, (-500), K, , (105),
and K, (125). It can be seen that the sensitivity functions have
a time delay and their values are greater for the 5 tank.

For the sensitivity functions of variable S, , n=1,n=5, a
couple of overshoots at the beginning are then followed by a
slow approach to the steady state. The extrema of the sensitiv-
ity functions for the parameters are as follows: Y, (35), K,
@), K, (-17) for the 1* tank; and Y, , (35), K, ,, (-120), K, (-18)
for the 5 tank. It can be seen that the values of the sensitivity
functions in this case are relatively smaller in comparison with
the corresponding ones for the first 4 tanks. It is only the influ-
ence of parameter K, which is stronger in the 5" tank.

For variable S, , n=1, n=>5, the sensitivity function displays
very low values, and many overshoots for the first 5 hours,
with time delays of these trajectories for the 5" tank. After
this the trajectories approach steady state. The extrema of the
sensitivity functions for the parameters are as follows: Y, (38),
i, (-550), and K (33) for the 1* tank; and Y, (45), u,, (-700),
and K (35) for the 5™ tank. The variable S, , n=1, n=5, is not
sensitive to the parameters to which otherprocess variables are
sensitive.

The behaviour of the sensitivity functions of variable
S .» 1=1,n=5, is similar to that for variable S, , n=1, n=5. The
extrema of the sensitivity functions for the parameters are as
follows: Y, (4 000), K, (7.5), K, , (2 000), K, (700/-250), f |
(300), and X, (12 000) for the 1* tank, and Y, (4900), K, (7.5),
K, 2 500), K, (750/-780), f, , (350), and K, (18 000) for the
5% tank. This variable is very sensitive to the above parameters
and extremely insensitive to the rest of the parameters.

Based on the results obtained it can be concluded that the
process variables are sensitive to different parameters. Some
of these parameters, suchas Y, , K, ., K, K , pt,,1,,,and K  ,
can be selected for estimation in order to fit the reduced model
to the process data. The reduced UCT model variables have
very low sensitivity to some of the parameters and very high
sensitivity to the rest of the parameters. It is difficult to find a
group of parameters which result in high values of the sensitiv-

ity functions for all variables of the model.
Conclusion

The objective of this study was to describe the development of
a sensitivity analysis direct method for developing a reduced
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model of the activated sludge process, characterised by a large
number of parameters and insufficient data measurements.
Derivation of sensitivity functions and augmented sensitiv-
ity state-space models for the reduced mass balance COST
benchmark model, based on reduced ASM1 and UCT biologi-
cal models, was presented. Matlab software was developed
and simulations provided. The results enable one to answer the
question as to which of the parameters need to be estimated in
order to fit the reduced model behaviour to the data. Selection
of the candidate parameters for estimation was based on a com-
parison of the minimum or maximum values of the correspond-
ing sensitivity functions. The shapes of the sensitivity func-
tions obtained for all variables and parameters of Tank 1 for
the benchmark process model, based on the reduced ASMI or
reduced UCT biological models, are similar to the correspond-
ing functions for Tank 5. The difference is in the minimum or
maximum values of the sensitivity functions, which are greater
for Tank 5 . Another difference is that the sensitivity function
trajectories for the 5" tank have a time delay and are slower.
Different combinations of parameters selected by the sensitiv-
ity analysis were estimated and the trajectories of the estimated
model showed a good fit to the measured data. The methods
used, algorithms, Matlab software and results for parameter
estimation are not discussed in this paper. The reduced models,
if properly calibrated, can predict the process behaviour, with
small errors. These models are usually developed for real-time
control design as a response to inflow disturbances. Reduced
model applications for detailed studies of process interaction
between variables, kinetic parameters and output performance
will not be as successful as the application of the full models.
The main contribution of the study reported herein is that
it provides a quantitative basis for classification of the model
parameters. This helps to address the problems of complexity
and uncertainty during the process of parameter estimation for
nonlinear models. The proposed structure of the augmented
sensitivity model is general and modular which permits its
application to any wastewater treatment process and to any
other nonlinear model. The vector/matrix structure of the
model allows effective use of Matlab software and rapid solu-
tion of the simulation sensitivity problem. This means that
the proposed structure of the augmented model assures global
sensitivity analysis without increasing the computation burden.
The developed algorithms and software can be used for
different applications: to simplify models, to investigate robust-
ness of the proposed parameter estimation results, to analyse
different scenarios for the plant operation, to determine the
region of the parameter space for which the output is minimum
or maximum, to discover interactions between the input factors
(variables and parameters), to discover issues not anticipated at
the beginning of the investigation, and to use in real-time joint
solution of the problem of parameter estimation, control design
and implementation, as a part of an adaptive control strategy.
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Appendix A

The derivatives of the variables’ rates for ASM1 reduced biological model
towards the model variables and parameters are determined as follows:

1. The variables’ rate derivatives towards the process variables: are as follows:
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Appendix B
The derivatives of the variables’ rates for the UCT reduced biological model
towards the model variables and parameters are determined as follows:

1. The process rate derivatives towards the process variables
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