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An analytical stream function solution for vorticical
fluid motion on a spherical surface over prescribed
latitudinal and longitudinal extents is developed.
The purpose of this solution is to provide initial
conditions for computational fluid dynamic
simulations of global ocean circulation, in order to
avoid or reduce the computation time expended in
spinning up a simulation from rest. A case study is
provided to illustrate that realistic flow patterns, with
westward intensification of current strength, can be
generated. Some guidelines for extending the
solution to situations for which it is not explicitly
designed are given.

Nomenclature
Roman letters

Am homogeneous solution constant

Cp pressure coefficient

i,j,k ¢, mn indices

lm,n"]m,n special integrals

p static pressure

n zeroorder associated Legendre function

QO the second kind

r radial coordinate

R radius

\% translational velocity vector

Vs, Vg longitudinal and latitudinal velocity
components

z axial coordinate

Greek

0] gradient operator

0 density

9,0 longitudinal and latitudinal coordinates

né transformed longitudinal and latitudinal
coordinates

Y stream function (total)

g stream function (homogeneous solution,
dimensionless)

g stream function (particular solution,
dimensionless)

¥, particular solution coefficient

@O vorticity vector

@, & radial vorticity component, dimensionless
radial vorticity component

Q; radial vorticity coefficient

Q.0 angular velocity vector and magnitude
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Subscripts

0 reference value
W western boundary
E eastern boundary

1. Introduction

The utilization of ocean currents as a renewablergn
source has received much less attention than sualad, and
even wave energy. Nevertheless, ocean currenteewmay
become important in the not-too-distant future, eesgly
since the available energy density seems to keaat bn par
with that of wind energy for certain locations aothe
world’s coastlines: according to a recent US wiigpet
“The total worldwide power in ocean currents hagrbe
estimated to be about 5,000 GW, with power derssifeup
to 15 kW/nf ...”.

Efficient placement of ocean current energy exingct
devices along any particular coastline would deptné
large extent on understanding the dynamics of thesents
and to what extent they will be influenced by thregence
of such devices. One way to study ocean currenaiiycs
is by means of computation fluid dynamic (CFD) gs,
in which the flow of a variable density, variablalisity
fluid on a rotating (essentially) spherical surface
simulated numerically; see for example the monpigray
Miller?. There is a number of limiting factors which ipini
progress along this avenue, not the least of wiscthe
number of cells that is required for an efficacious
simulation: a modest size ocean covering one tehthe
earth’s surface and which is about 4 km deep woedgire
approximately % 10° cells if the mesh spacing is about
100 m in the depth direction and about ten timegela(i.e.

1 km) in the latitudinal and longitudinal directgn In
addition CFD simulations usually have to be “sppifaiom

a stationary earth situation (see for example @rapt in
the monograph by Pond and Pick¥rdn completion of
which process conservation of mass, momentum aedjgn
have to be achieved before there can be proceeditbd w
further investigations. Such a spin-up processhmaquite
(CPU) time consuming, and realistic initial conalits that
obviate the need for it would be very convenielitis the
purpose of this paper to present an analyticaltiemiithat
can be used to provide such initial conditionsprly to
reduce the CPU time of the spin-up phase. It ralsst be
mentioned here that commercial CFD software, sugh a
ANSYS FLUENT, cannot be “started up” with zero flow
everywhere for simulations such as these, wheree tae
no inflow and outflow boundaries; initial conditi®of some
sort are essential.

There appears to be very few known analytical smist
for fluids rotating in non-circular containers undthe
influence of Coriolis forces. In his groundbreakipaper
Stommet presented a linearized analytical solution for the
wind-driven circulation in a homogeneous rectangatzean
without curvature. In this solution the effects lwfttom
friction, horizontal pressure gradients caused hyiable
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surface height and Coriolis force were includedr®ans of
appropriate models. Other authors usually develdpeir
mathematical models along the same lines as that

Stommel, e.g. Fofonoff who neglected viscous effects bu

included nonlinear inertia terms. In the preseapgy an
analytical stream function solution for vorticicdluid

motion on aspherical surface extending south or north from

the equator over given latitudinal and longitudiagtents is
developed and demonstrated.

2. Problem Statement

We want to obtain the velocity fieldV and the

In equation 2&=0xV denotes the vorticity of the flow,
?d Q =Q&, denotes the angular velocity of the rotating

tsun‘ace

Equations 1-2 have to be solved subject to thevitig
(southern hemisphere biased) conditions for no #mnoss

the boundaries:

P=P0, 9=y +LP:Vy=0

3)
andg=20="+n00 v, =0
2772

In addition, it is necessary to specify the “strigigpf

corresponding pressure figidfor an ideal (incompressible, the vortex. For the purpose of the analytical sofy i.e. to

inviscid) fluid which executes a steady vortex-liketion
on a rotating spherical surface with radiRsin a sector
bounded by two latitudes, one being the equatothef
spherical surface, and two longitudes. It is radfur
therefore, to work in spherical coordinates{ ¢), where@

denotes the latitude and the longitude, as illustrated in

serve as initial condition for various CFD simubais,

it is
convenient to specify the values of maximum (in
magnitude) velocities at the “western” and “eastern
boundaries, and to enforce the condition that thelyieve
maximum values at these boundaries:

_ T . oV, 0V, _
figure 1. For this specific case, theN, =V,(6,9)€, ¢=¢O'H=E+QN Vo =V, Y 6_;_ @
+V,(6,9)€; is the velocityrelative to the rotating surface, b= +00 0T vp . 2V OV, 0V, _
and p=p(6, @) is the pressure relative to the hydrostatic’ ' ° T ETYTTE 50 T ag
pressure.
z
‘ €, 2.2 Stream function formulation
It is convenient to define a stream functigrsuch that
g =~ 1 a_(//an ) :ia_w (5)
Rsing d¢ R o6
r Ce This definition is such that the continuity equatits
satisfied, as is easily verified by inserting the tvelocity
component definitions of equation 5 into equation The
0 radial component of the vorticity associated withist
&y definition of stream function is
= : { (Rsindv )~ RV, )}
= sin -——
v “ " Resing| 00 SAFT AN
= sinHi sing - o 0(’[/
R°sin“ @ 00 06 " 09>
or, expressed as a partial differential equationfo
T

Figure 1: Spherical co-ordinates

2.1 Governing equations and boundary
conditions

The governing equations for the steady motion ofdaal

fluid are the continuity equation (which expresdbe

conservation of mass) and Euler's equation of nmotio,

(which expresses the conservation of momentumkg-fee

example Karamchéti For the case under consideration

these two equations can be expressed as follows:

Continuit 0 v, Ny = 1

ontinuity :0 66?(8' 9)+ W— (1)
1- l .=

Euler:;D = O(VIV)+V x(@+ %) )
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36 (6)

sinei[sirﬂa—wj Y _ s, 0.4)
06 0¢?

The stream function boundary conditions that are
consistent with the velocity boundary conditionpgated
by equation 3 are simply that the stream functias ko
have the same constant value on all boundarieshéosake
of convenience we take the constant to be zerthatothe
Ostream function boundary conditions are

'¢=¢o,¢=¢o+A¢,e=’—27,e=’—2T+A0:w=o 7)

and the vortex strength conditions are
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T oy l/, distribution may be expressed in the form
P=¢,, 0=—+8,: — =-RY, cos@ ). =0,
2 d¢ Gl 4.2 o
o2 @Em=y>.9;n (13)
2406 =RV sin@y ) i=0 j=0
) where theQ;; are constants to be specified.
¢=¢,+109, 0__+9E al'[/:_RVECOSGE ),0_412/: 0,
09 04 2.4 Restriction on longitudinal extent
%y - RV, sin@, ) (®) Although less general than would have been prelieréhs
0908 E E convenient to introduce the following restrictiom dhe

longitudinal exten\g@ of the solution domain: the solution

) o _ ) will only be developed for integral fractions afi.e.
Equation 6 is in the form of Poisson’s equatiore th

solution of which consists of the homogeneous goiut.e. A = ﬂ 7T 7T
the solution with the right hand side set to zeaod the
particular solution. In order to simplify the sttn

procedure we introduce the following transformation or
(¢ - ¢,) 2 Ap® =" with k=1, 2, 3,.. (14)
=cod nN=———"=Y=QR (P + K B
¢ N=""0s VORI ©
andw =Q@ The superscripk is implied for the stream function

solutions that follow also, but for the sake ofritlais not

where ¢ denotes the dimensionless homogeneous solutigilown explicitly.
¢ the dimensionless particular solution, and; the

dimensionless radial vorticity. Then equation &sforms 3. Stream Function Solution

as follows: The stream function solution is now presented fpragion
5 10, incorporating the radial vorticity specificatigiven by
2\ 0 " ) 92 . equation 13 and restricted to longitudinal extesgecified
(1 ¢ ) g[(l_‘( )_{(w+w):|+(A_¢] —(@+¢) by equation 14, i.e.
=(1-&%) ax Em) (10) 2 V02 o] 2
1- (— )— + +kc—— (¢ +
(&) (¢ ) 5@ +0) 57 7 +0) .
. 4
The transformed boundary conditions are - (1_ ‘(Z)ZZQU &nl
n=0,n=m =0, &=-sinB): g+ =0 (12) i=0 j=0
and the transformed vortex strength conditions are subject to the boundary conditions given by equetib.
n=0,¢&=4w= ‘Si”@v): 3.1 Homogeneous solution
0 N 92 L The homogeneous solution of equation 15 is readily
%(‘pﬂ”) kQR S(QN) ( +‘//) =0 obtained by means of the method of separation ridivies:
O (y+p) :—ﬂtan(aN) 0= AQE"(E)sin(2m) (19)
a{aﬂ kQR m=1
(12)  for odd values ok , and
n=m &=& =-sin@): o ,
62 V 62 w = z A‘nQ(I)(m({)Sln(n’v?) (17)
—(p+P)=-—L-codb.), —(@+@)=0 =1
2 v for even values ok. In these expressions, which both
0 (w +(/7) =-_—E tan(HE) satisfy all the boundary conditions with the extapbf the
ason kQR one at & =-sin(AB), the functions Q) are zero-order
associated Legendre functions of the second kirek (s
2.3 Specification of radial vorticity appendix A). The constants, have to be determined in

Equation 10 can only be solved if the radial vdfic conjunction with the remaining boundary conditiordghe
distribution is specified. Of interest for theliyi of the particular solution.

solution is the case where the vorticity attaingresre

values (maxima and/or minima) on the boundariest thfe 3 2 pParticular solution

remainder of this paper, the specific case bigaartic (in §  For the biquartic vorticity distribution under cédesration, a

and 7) distribution will be investigated, as this dibtition  valid particular solution is the product of polynias in &
allows two extrema in each coordinate directionuctSa ang 5. Consider the following form of the particular
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integral, which satisfies the same three boundanditions
as the homogenous solution:

n)ii%fini

i=0 j=0

g =¢(1-¢)n(m- (18)

Substitution of equation 18, together with equatiénor
17, as appropriate, into equation 15, yields thikoviong
relationship between tk@ij- andLPij-coefficients:

» Wi 1G+DET=2G+ 278+ (+ )+ 4F' T3
]

i=0 j=0

(mj+1 _”j+2)+kzzllzzlwijfi+1

i=0 j=0

4 4
[+’ = G+0G+ 27" |= 33 Qe

i=0 j=0

(19)

Expressions for theQJ-coef'fluents in terms of thé~PIJ
-coefficients are obtained by comparing correspamgdi
terms on the left and right hand sides of equatioiThese

expressions are given in appendix B.

3.3 Determination of homogeneous solution
constants

The boundary condition a¥ =-sin(Ag is utilized to

express theA,-values in terms of the other parameters;

for even values ok. Expressions for the definite integrals
Imn and J., , on the right hand side of equations 20 — 21

are given in appendix C.

3.4 Determination of particular solution
constants

The vortex strength conditions, equation 12, aedus fix

the six particular solution constant¥; . The resulting

system of equations are given in appendix D.

4. Pressure Field Solution
The pressure gradient is defined from equation 2;
expanding this  expression and noting that

Q =Q(cosfe, - sirgg,), yields the following expression

for the two components of the pressure gradientthen
spherical surface:

i% = %‘%(VHZ +V¢2)+(a,} +2Qco9)V,

0 (22)
lop__190 .

PYrR Ew(v +V¢2)—(a4 +2Qco9)V, sirf

The pressure distribution is obtained by integgatihis
expression from a reference pressure at a refergigon,
first in the latitudinal direction, and then in thengitudinal

dlrect|on Using the point(r = R, 0=£ P =¢;) as the

applying this boundary condition to the sum of thgeference position, and indicating the referenc&ssmre by

homogenous and particular solutions yields

iAﬂ g“" [-sin(a8)] sin(am y+ co$ £6
m-1

1 2 ' ‘ |
zwi,- [—Sin(Ag)]Hl (m1+1 _,7]+2) _

i=0 j=0

for odd values ok, and

ALQE" [-sin@8)] singry )+ cod 48 )

2

241/ [- Sln(AH)] (mj+1_,7j+2)=0

j=0

D= 20

I
o

for even values df. Expressions for tha,-coefficients are
obtained by means of a standard Fourier analysis, i

_ cos (8)
A = 7 [-sin@a]
12 » (20)
22 [=sin@O)] " i, 1z = 7 1)
i=0 j=0
for odd values ok, and
_ cog )
A= T sin@e)|
[-sin@8)] o

1 2 )
ZZ‘/’i [-sin@6)] ™ @

i=0 j=0

m j+2 7T‘]m, j+1)
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Po, the result is

P~ Py

=_1(V2+v2)+29wcos9+jqa),a—wd¢ (23)
0 o\Ve Ve 0

In terms of the transformed coordinatesnd 7, etc., this

expression can be written more explicitly in the
dimensionless form
2

_ _P7PB k? [0 A} 2
C,= =- (g + —(1-

0 L 7 5 +0)| -~

2 ()| +2eEra @ rd)- o %% (p+ )y

o0& ¢0 N

(24)

Evaluation of the integral on the right hand sidethis
expression is simple but tedious; details are mgive
appendix E.

5. Case Study

A case of interest, loosely corresponding to thettsern
Indian ocean off the south-east coast of SoutheAfriis
described by the following parameter valuesg = 90°

(i.e.k=2),A0=80", Q =72.92% 10° rad/s,

R=6.378 16 m§, =40°, 6 =60,

Vy =2m/s, Vg =-0.5 m/s.

The particular solution coefficient values deteredrior this

parameter set are listed in table 1, and the faist
homogeneous solution constants in table 2, showapid
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convergence of the series solution. A streamlited | in order to reduce the CPU time required for such
shown in figure 2 and a contour plot of static ptee in simulations. The seemingly limited applicability the
figure 3. The western intensification of curretrergth is analytical solution may be extended in situatiamshsas the
clearly visible in the streamline plot. The closdollowing:

correspondence between the direction of the stieesin 0 “Ragged” coastlines, i.e. coastlines not alignedhwi

figure 2 and the direction of the isobars in fig8rés also longitudinal and latitudinal coordinate directionse the

evident. It can therefore be concluded that aitatiadely initial condition solution in a region within thecean

realistic initial condition set can indeed be geted by basin, with zero flow between the boundaries inchhi
means of the analytical solution presented here. the analytical solution is valid and the actualsttiae.

O Ocean basins extending over the equator: pataheou

Yoo =0.00040¢ Yo1=0.00378¢ 1o, =~0.00133¢ and northern hemispherical solutions together, edth
10=-0.00152¢ |41, =0.005205  |¢¥4, =—0.00165C its ownA@ for latitudinal extent.

Table 1: Particular solution constants QO Ocean basins with longitudinal extent differentfrany

one of the discrete longitudinal extents for whitie

A =-0.7256x 10° | A, =-0.3708x 10° | Ay =-0.7788x 10*° analytical so[utiop is valid: patch.together sai_uti of

A, = -0.3232¢ 10V A, =-0.3476x 102 A, = ~0.7085¢ 1078 different Ion_gltudlnal extent, possibly overlappititem
. : : at common internal boundaries.

U Ocean basins of finite depth: the solution can fyaied

Table 2: Homogeneous solution constants for different radii of the spherical surface, thatching
together initial conditions extending into the thir
(depth) dimension.

o0t U Ocean basins not extending to the equator: a tsmal
s % ocean” solution extending to the equator can be
subtracted from a “large ocean” solution also ectieq

to the equator (the two solutions must of courseesthe
same longitudinal boundaries).

U More concentrated currents on the western boundary:
more terms can be included in the vorticity disttion,
even to the extent of using a full Taylor seriepamsion
of a step function.

o
o
oF

©
&
S
S
b
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Figure 3: Contours of static pressure coefficient

6. Conclusion

An analytical solution for a vortex-type flow of amviscid
fluid on a spherical surface has been presenteche T
purpose of this analytical solution is that of pding initial
conditions to CFD simulations of global ocean dation,
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Appendix A: Zero-order associated Legendre
functions

The zero-order associated Legendre functions dneediby
(see for example Spiegetal.”)

00 = L1 2|2 A" [ (1+x
QB =5(1-) dxn{[l_xﬂ

Carrying out the indicated differentiations yielchet
following expressions for the first two functiona the
sequence:

(A1)

Q5(x) = (A2)

1-x?

Q4(x) =

2 (A3)
- X

For @3, Qf the recurrence formula given by Spiegehl’

may be used:

- i;HXQO-H(n (n-2)Q0"
1-x?

Using equations 1 and 4 it can be shown that thivateve
of the functionQ) is given by

Q= (Ad)

n(n-1) n—1

ConXx
Q = Q4+ Qo
1-x° V1-x?

Appendix B: Vorticity distribution coefficients

(A5)

It is convenient to rewrite Equation 19 in the deling
form'
4

ZZQI]EIHI _ﬂzzwwl j= l(' +1)( +2)‘5’7]

i=0 j=0 i=0 j=
0 4 o
DD Wi, -2l + D+ 28]
i-0 j=2
2 3 2 4 o
2y Y Wi a0+ DPER + 2D gy o+ 1PE D)
i=1 j=1 i=1j=2
2 3 4 4 o
+7Tzzl//i—3,j—1i(i +1&'n’ —zzl//i—s,j—iﬂ +1¢'n
i=1 j=1 i=3 =2

2 1
A Wi jaali + 1 + 267

i=1 =0

2 2
2D Wi+ D + 2K

i=1 =0

(B1)

Using this expression, it follows that

R & D Journal of the South African Institution of Mechanical Engineering 2009, 25

[0 0 0 0 0 O
g"o -2k* 0 2k* 0 0 0
Qi 0 ar 0 0 0 0
Qe 0 -2 0 &* 0 0
Q.| |87 0 - 0 k> 0
o 0 -2 0 0 0
Q| | © 0 0 0 0 0
Q, 0 -18& 0 -kb 0 nié
Q,, 8 -7 0 - 8 0
Qo3 0 0 0o -2 0 2r
Qo 0 0 0 0 0 o |[%o
Qn| 127 0 o 0o 0o o [%o
Q,|=| 0 18 0 -i8 0 24 || Yo
Q3 0 0 8 0 =8 0 |¥m
Qos 0 0 0 0 0 —2 | Y%
o 0 20 O 0 0 0 |\Yr2
Q,| [-12 0 12 0 00
Q.|| 0 0 0 18  0-187
Q, 0 0 0 0 8 0
Q0 0 -20 0 20 0 0
o 0 0 -12 0 A2 O
Qyy 0 0 0 0 0 18
Qus 0 0 0O -20 0 20
o 0 0 0 0- 12 0
Qus 0 0 0 0 0-20
(B2)
Appendix C: Integrals for homogeneous
solution coefficients
We need to evaluate integrals of the form
471
=— j " sin(2nwy7)dn forn= 0,1,. (C1)
T 0
and
T
Jmn =7%I/7” sin(my)dn forn=10,1,.. 4 (C2)
0
It is easy to show that
J
Iyn = ;‘r;” (C3)

and therefore only the integrals, n=0,... 4, need to be

evaluated; using the relevant integration formitashapter
17 of Spiegekt al.” we obtain the following expressions for
these integrals:
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— (™

‘]m,l = _(_1)m+1 = 7T‘]m, 0

4

Inz = D™ {1+ 1™

4
=2, o ——=| 1+ ()™
m, 0 mn3|: :I
Ims= %(_1)m+l(m2n.2 - 6) =0 —%
m m

J

(C4)

m,1

s =2—73T(—1)m+1(m G 12)+—48 [+ €]
m nm
12
= ﬂ4‘]m,0 __ng,Z
m

Appendix D: System of equations for
determining the particular

solution constants

For odd values df, the system of equations is as follows:

e [S'n(é(/v)]
ZZ Q" [-sin@8)]

ZZ[ sin@a) ™

m=1 i=0 j=0
¢ i+
(lm,j+2_mm,j+1)wi] +7TCO§ @@N))Z[—SIH(QN)] 1 |0
___ Mw cos@y )
~ kQRcog (08) (1)
1 .
Z[_Sin(QN)]I(LP ;) =0 (D2)
i=0
" [=sin@y )] & i+1
Zizngkm[ sm(AH)];,zo[ sneo)
(T oo =71 1) W5 + 52@ )Z[ sin@y)  (D3)
. __ Vi tan@y)
[(+2)c0% G )= 2, = KQR cog (A6)
> QP -sin@r )] &
ézngkm[ sm(AH)].Z(;,Z(:)[ sm@e)]
g .
(lmvj+2_mm,j+1) ij ;:;)52 glze))zozoﬂ] ! (D4)
i=0 j
o i1, ___ VeCos@k)
[~sine ) kQRcoZ (A8)
12 ' ‘
2.2 (i +)r [-sin@)] = (D5)

i=0 j=0
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iZm K -sin(@ )] <

Q" [-sin@8)]

ZZ[ sm@ﬁ)]I+l

m=1 =0 j=0
- )
(Im,J+2 mmj+ ) ij 052 @9);]20 (D6)
[—sin(HE )]I [G +2)co$ & ) %wij
—__VetanCe)
kQRcos (\0)

For even values &, the system of equations is similar:

&[SI IR o
mzzlm[—sin(Ag)]ng:‘B[ sin(A6)]

(‘]m,j+2_‘]m,j+1)l//ij cos @N )

cos (8=
—__MwCos@y )
kQRcos (\6)

—— N [—sin(@, )| “W,, (D7)

(D8)

i[—sin(é(,\, )]i (Wio-7,;)=0

i Q™ SIn(QN)]Zi[ ~sin@8) ™

m=1 ng[ Sm(AH)] i=0 j=0

(D9)

g—"[@mZ[—sin(é(N )
i=0

__ VW tan@y)
kQRcos (\G)

ZZ[ In@é’)]'ﬂ
i=0 j=0

COSZ GE) ]+1
" cod @9),2;‘]2;

B Vecosr: )
kQRcos” (A\6)

(‘]m,j+2 - ﬂ‘]m,j+1) l"Jij +

[(i+2)cos By ) 2W;o

m Q" [-sin@y )] &
Q" [-sin@@)]

S m(-1)"

m=1

(‘]m j+2 ﬂ‘]m ]+1) ij (DlO)

[-sin@e )] ™ w; =

1 2 ‘ ‘
> Z (j+r [-sin@: )| W, = 0

i=0 j=0 (b11)

d o [ -sin@: )] <
Zm( b Q" [-sin@@)]

(‘]m j+2 ﬂ‘]m ]+1) LIJI]

JHLT _
g @3)2271 [sm(HE)]

i=0 j=0

ZZ[— sin@a) ™

m=1 i=0 j=0

(D12)

Ve tan@: )

[(i +2) cog € )- 2}“” ~ kORcoZ Qo)
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Appendix E: Integrals for determination of
pressure field

We need to evaluate the integral

0 97
4 4 ©
3230, | 3 A,GE ]Sz
/=0 n=1 m=1

+
Py
—_
T
Ay

N
~—
M-
DM

£
™
—_—
3
i
E
i

i

E

hs
~—

o
S
L
m
=

I
o
I}
o

/76@
Lﬁ(ww)dn
4 4
ZZ”QM l:ZAnQo (9()_[ n"sin(my)dn
(=0 n=1
1 2
*4‘(1‘52)22%4“[:(7”7““—n“”ﬂ)dn} (E2)
i=0 j=0

for even values ofk. All the integrals in these two
expressions can be evaluated analytically; seexXample
chapter 17 in Spieget al.’”
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