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There has been considerable interest oaer the past two
decades in studies of locking phenoTnenon that occurs in
shell, plate and beam elements. This has largely been due

to the misunderstanding of the role of reduced integration
on the modelling of the displacernent field &cross the

thickness. Therefore, the phenoTnenon of locking is re-

uiewed and re-eramined using, as &n illustratiae erample,
a model of thick and thin elastic beam.

n is shown that by introducing reduced integration in
the stiffness rnatrir, instead of full integration, we intro-
duce to the model an assumption that straight segment
nornl,al to the mid-surface before deformation stays nor-
mal after deformation. That is, reduced integration 'in-

troduces the lfirchhoff-Loue assumption at the nunxerical
leuel. Appropriate calculations regarding thick and thin
beams are presented and discussed.
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Nomenclature

area
elastic moduli
rigidity moduli
moment of inertia
functional
Lagrangian
interpolation functions
width
height
number of nodes in an element
shear correction facttor
uniformly distributed load
time variable, constant
discrete displacement field
deflection in z-axis
continuous displacement field
Cartesian co-ordinates

O vector of mode shapes
u frequency of vibration
6 small increment operator
p material density
0 rotation
€cs normal strains

7r, shear strains
oss normal stress
Tc z shear stress

Introduction

Vibrations in most machines, structures and dynamic
systems are undesirable because of the resulting unpleas-
ant motions, noise and dynamic stresses which may lead
to fatigue and failure of the structure or machine. In ad-
dition, it causes energy dissipation and reduction in the
overall performance of the structure or machine. There-
fore, it is essential to analyse the vibration of structures
by predicting the natural frequencies and the response
expected in the event of an excitation. Natural frequen-
cies are i-portant considering that when the frequency
of the disturbing force coincides with the natural fre-
quency resonance occurs. At this state, the amplitude
of vibration increases indefinitely us well as the dynamic
stresses and noise levels; making it desirable to control
this excessive vibration and to effectively stabilise the
structure after any disturbance. Using piezoelectric ma-
terial for active sensing and control has drawn much at-
tention recently. Chandrashekhara,s Salemi,6 LesieutreT
and others have studied applications of piezoelectric ma-
terial to active control of composite structures. However,
at the numerical level, the effects of full and reduced in-
tegration schemes on the numerical solutions were not
highlighted. Also, the effects of increasing number of
elements in the simulation process were omitted.

In this paper, the Hamilton's principle will be used to
develop the dynamic linear response of thin as well as

thick beams. The static behaviour of the beam will be
achieved by omitting the dynamic terms in the formula-
tion. The effects of full and reduced integration schemes
will be studied as well.
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It is well known that the numerical solution obtained
by increasing the number of finite elements approaches
the analytical solution but it is not mentioned in the lit-
erature whether this condition holds indefinitely or not.
Therefore, the effects of increasing the number of ele-
ments in the numerical solution will be investigated too.

Figure l Simply supported beam subjected to
uniformly distributed load q

Physical model

Consider a beam of rectangular cross-section as shown in
Figure 1. The loadin g q(r) is applied in the ry-plane and
is directed transversely to the beam (such loading might
include point loads and/or couples). The requirement is
to determine static and dynamic behaviour or the beam
under such loading.(t)

Displacement model

Usually, in the beam and shell theory it is assumed that
normal fibres to the neutral axis before deformation re-
main straight and normal to the neutral axis after defor-
mation. Indeed, if one took trouble to paint a straight
line representing the normal on the side of an unloaded
beam, the line would remain straight and normal after
the beam is loaded as shown, in Figure 2, by a solid
line.3 This would not be true for a thick beam. The
normal would take up the shape indicated, in Figure 2,
by a broken line. Thus as a result of bending, a line
segment dr in the undeformed geometry translates in
the z-direction an amount w(n) and, in addition, rotates
in the r- z plane an amount given by 0 = u,o + 6. In
summ&ry, the assumed displacement field for small de-
formation is given2 as

u ( r, u, z,, ) = 
{ l;ll,l,1,ll} = 

{ _' *'1.',,}
(1)

= 27Lokg/m3,u= O.25,L:
thickness (h) - 0.008 rn, 9 - l

Strain model

The strains are defined in terms of the
ment field by the expression

€-t€rx I=t u,,, \
t'Yoz ) t ur,r*ttr,, ) t

Constitutive model

In thip model, linear elastic behaviour of the material
will be adopted wherein each stress component is simply
related to the strains as in Hooke's law. That is2

Energy approach

The kinetic energy g ) is expressed as

(3)o - 
{

hl2 b/2 LT-i t t Ip(.i)'dnd,ydz
-h l2 -bl2 0

(4)

where

loro,-t 'uuL,, )={ 
,^}

The kinetic energy is thus composed of two parts. The
first represent the kinetic energy due to rotation of beam
elements, i.e. rotary inertia. Por problems involving thin
beams, rotation contribution of T rnay be neglected since
its contribution is very small for long slender beams. The
second represents the kinetic energy due to translatory
motion in the vertical directron z.

Similarly, for very thin beams only the strain energy
which is due to bending will be considered; this means
that the energy due to stretchittg will be omitted. The
strain energy (U) is expressed as

rr -r 
h/2 b/2 L

.J. 2l f It'.odrdadz
-h/2 -b/2 o

, n(' 'f f {r,, ^/,,} . { o:, 
} o" d,yd,z (b),J

-hl2 -b/2 0 \ 'sz )

Lr

= ,l (nrc2, + kGA(o -,.t) t)') a,

(1) Subject toE = 70GPa, p
o.4572 m, widrh (b) = 0.0254 m,
N/*.
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Figu re 2 Cross-sectional deformation of a beam

Whereas, the external work done (V) is expressed as

L

v-lr.o* (6)

0

Harnilton's variational model

For dynamics of the given beam, Hamilton's principle
will be used to obtain, from all admissible paths that
the beam can take from the undeformed configuration
to the deformed configuration, the path that extremises
the time integral of the total energy (Lagrangian) during
the time interval. Hamilton's principle is expressed as

H (ut,"ttrs) -

Substitution of (4), (5) and (6) into (7) yields

i'jornral to mid-surfbcc
before delbrmation

Nornral to nrid-surface
alter defornration
(l'hin beam model)

Assunred defrrrmation
(Thick bearn nrodel)

Actual defirrnration

Neutral axis

is carried
approach,

dr (e)

( 10)

u

Finite element model

The aim now is to construct a finite element approxima-
tion of equation (10). Using the finite element method,
the domain is discretised into non-overlapping finite el-
ements. The solution, within an element,l is approxi-
mated as

J

v-Itr,(*)h(t):Nn
i-r

Substituting (11) into (10) yields,

(11)

t2 t2

t lLdt-5lrr-u+v)d,t-
t1 t1

6'i,[ f, Qre' + pA,i,') 
(s)

-t (nre', + kGA(o - r,)') + q*) d,rdt - o

'!J(, (* a)' p/N a +6

o (7) -6 (*a - (Nm)')'

!J{ ilJ} ;,t*a) ) *N"q }
x drdt

I o t (0,,) d* = | (#60 + #,,)

,i 
f [ -&(*'elN .a) + *(*'r'r (Na) ,) ],"6l +N"kGA(t**)"-*e) )

x drdt - 0

H -'{,1{, (a) ple * lrbpAil, - 5 (o ,) EIo ,

(* *) " p.4N *

kGA(*a - (N*),,) (12)

Eqn (12) ir simplified by taki.rg its first variation; in-
tegrating by parts, regrouping terms and observing that

60 l'r,, - 6wl:: - o

would lead to trivial solutions. Granted that p, lc, A, E,
/ and G are constants, this gives the governittg equations
describitg the motion of a beam, it finite element form

-, (* E',rr (Na) ,* q6 (Nn,,) ,, d,t - o

The extremisation of the flinctional // (rr,rr)
out using the variational principle, in operator
given by

In view of eqn (9), eqn (8) becomes

-6 (0 - u,0) kGA(0 - u,0) + q6u\ drdt
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-Mt+f.r-F-0
Eigenproblern

Considering eqn (17), by setting trr - 0 the free vibration
equations are re-written here as

Mv+Ki-0

( 14)

dt -0

( 15)

( 16)

( 17)

( 1s)

(20)

is obtained, from which O and cu must be obtained.
Eqtt (20) yields the eigensolutions (r7, Oo), where k

represents the /cth frequency of vibration corresponding
to the lcth mode shape vector, respectively.

Numerical results

Static loading

By omitting the dynamic contribution in eqn (13-17),
the stati,c behaviour of the beam is modelled. The
beam was modelled using simply supported boundary
conditions and material data given in Pigure 1. Re-
sults showing the deflection curve were generated from
an in-house program. The deflections were obtained us-
irg one-dimensional three-noded elements, with full (3-
Gauss points) and reduced (2-Gauss points) integration
schemes.

The results obtained using full integration scheme un-
derestimated the deflections of the beam relative to the
analytical solution. This shows that full integration in-
troduced fictitious stiffness into the beam. This made
the beam appear stiffer. Such phenomenon is attributed
to locking. For the current beam aspect ratio, that is
nI,

Por reduced integration, results compared favourably
with analytical results (see Table 1). From the physical
point of view, reduced integration modified the assumed
displacement field in eqn (1) at the numerical level. It
introduced the assumption that a straight segment nor-
mal to the neutral axis before deformation stays normal
and straight after deformation. Of course, looking at the
beam aspect ratio of n 

I , = ' I ur.1 eualifies this assump-
tion.

For the beam aspect ratios L 
f no

followittg were observed. As the beam aspect ratio
n 

I , -+ t l t o full integration scheme modelled the de-
flection curve favourably compared to reduced integra-
tion (see Table 2). For the case where n 

I , -+ 1 both
schemes produced results which were three-times more
when compared to the analytical results, which nea,nt,
that three-dimensional effects dominated on both nu-
merical and analytical approaches. Bending moment
and shear force results, shown in Appendix Figure A1
and Figure L2, were generated using reduced integra-
tion and four (4) elements. The FEM results compared
favourably with the analytical results. The results pre-
sented were evaluated at integration points since better
results are obtained there when compared to the nodal
points. A bar graph was used since, in the FEM displace-
ment method, the stresses are discontinuous between el-
ements. For this reason, a trend-line has been included
to show the graph that will be obtained when using the
analytical method.

Subject to boundary conditions

and initial conditions

(tN*l ,s *e)

lIe:

t2

- I 6{vr11" kGA

t1

C

0

2

I

Ct2

I oU'N"p/N d d,n

0tt

L 
,|,,. 

l6{,rrxlrpANwl 
d,x-g

0 1,,

Eqn (13) is written in matrix form as

0

Ir[i,,

lt
lr,
0

0

lr,

)

fN,
Lo
x{ y,

fErxLo
/lw;xt gi

t +s"DBv-Nt t\ a*at

For these
form

set of equations, the harmonic solutions of the

( 1e)n - Osinu(t -to)
are uLssumed.a Substituting (19) into (18), the gener-
alised eigenproblem

Ko - u2Mo
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Table I Deflection results of a simply supported beam, h/L -- L/57 .I

FEM
x-coord.

lml 2-elements [*x l0-6] 4-elements [mx l0-u]

3-Gauss points 2-Gauss points 3-Gauss points 2-Gauss points Thick beam Thin beam

0.0
0 r r43
0.2286
0.3429
0.4572

0.0

-4.5t7 5

-6.0323
-4.5 t7 5

0.0

0.0

-5.2539
-7.5052
-5.2539

0.0

0.0

-5.085 7
-7 .1559

-5.085 7
0.0

0.0

-5.3477
-7.5052
-5.3477

0.0

0.0

-5.3477
-7.5052
-5.3477

0.0

0.0

-5.3435
-7.4997
-5.3435

0.0

Table 2 Maximum deflections at different aspect ratios

FEM

4-elements [mx l0-u]

Aspect ratio 3-Gauss points 2-Gauss points Thick beam Thin beam

Thin beam

h:L/100
h:L/50
h:L130
h:L/20
h:L/lB
h:L/16

38.226
4.7980
r.0449
0.3 133

0.2293
0.r6r9

40. r BB

5.027 |

T,OB77

0.3234
0.2361
0.r66r

40.208
5.0260
t.0856
0.32t7
0.2345
0.r647

40.t79
s.0223
I.OB4B

0.3213
0.2343
0.r646

Thick beam

h:Lll4
h:L/12
h:L/IO

0.1091
0.0693

0 04056

0.nl6
0.0706

0.04rr4

0.u03
0.0695

o.o402r

0.u02
0.0694

0.040 r B

3-D effects h:L/l 0.00013660 0.000 13661 0.0000 4021 0.000040 I B

Table 3 Natural frequencies of a simply supported beam, hlL - l/57 .l

FEM

[2-Gauss points] Analytical
FEM

[3-Gauss points]

2o,, 2-elements 4-elements Thick beaml
,',-rt . I I
I nln Deam 2-elements 4-elements

2(r)l
262
2(l)3
2(l)4

3.134x l0s

6.025x 106

9.llBxl07
2.966x I 0ro

3.073x l0s

5.006 x I 06

2.731 x 107

9.508 x 107

3.068 x l0s
4.Bg4x 106

2.465x 107

7 .738 x 107

3.071 x I0s

4.914 x 106

2.487 xI07
7 .862x 107

3.7 65x lOs

6.025x 106

2.368x l0e

I .61 4x lot2

3.219 x l0s

5.943x 106

3.723x 107

9.508 x 107
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Figu re 3 Maximu m deflection versus n u mbe r of elements

It is noted here, also, that convergence was observed
with the increase in the number of elements. Further-
more, it was observed that when increasing the number
of elements, that is when hlL.t. enr - IlI0, full integra-
tion scheme converged to the analytical value of displace-
ments for thick and thin beam (see Figure 3), whereafter
three-dimensional effects become dominant in both full
and reduced integration.

Eigenproblem

The eigensolutions in eqn (20) were generated using the
finite element stiffness and mass matrices. The boundary
conditions were enforced by introducing, in the stiffness
matrix, a large value on the corresponding diagonal of
the nodes with prescribed displacemerts.

The natural frequencies, for the beam in Figure 1, are

presented in Table 3 and the mode shapes, where full in-
tegration was employed on the mass matrix with reduced
integration on the stiffness matrix, are shown in Figure
A3 and Figure A4. It is noted that the fundamental
frequency is pronounced when using full integration as

compared to the other approaches presented here. This
phenomenon is accredited to the fictitious stiffness intro-
duced by full integration, since the stiffness has direct
contribution to the frequency. That is, the stiffer the

beam the higher the frequency.

Observing reduced integration results, a deviation
from analytical results is observed for the second and

higher frequencies. This deviation becomes pronounced

at higher frequencies. This is accredited to the fewer
elements used in the calculation of frequencies. To ob-
tain results that are closer to the analytical solution, it
is appropriate to use more elements.

Conclusion

In this paper, the dynamic system equations were de-

veloped using Hamilton's principle. By omitting the dy-
namic terms in the system of governing equations, the
static behaviour was modelled. The effects of full and re-
duced integration schemes, in the stiffness rnatrix, were
investigated in statics and free vibrations; the outcorne of
which provided a simple explanation of the loc.king phe-

nomenon, from the numerical point of view. Currently,
no meaningful results were obtained using reduced in-
tegration scheme on the mass matrix. However. these
effects are under investigation. It was also observed that
not only the beam aspect ratio played an i-portant role
in choosing a proper integration scheme but the elernent,

aspect ratio did too. Therefore, in the modelling of stat-
ics and free vibration of structures using the assumed
displacement field, the choice of integration scheme and
element density requires careful consideration.
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