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A single-element plane-wave solid-state laser rate
equation model
E.H. Bernhardi
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A numerical rate equation model has been developed to describe
the dynamics of a solid-state laser during continuous wave or
Q-switched operation. The model allows the optimization of parameters such as the output coupler transmission percentage, crystal
length and beam diameters, with the aim of improving the laser output performance. To validate the model, it was applied to a Nd:YLF
laser, and proved successful in predicting and explaining the laser
dynamics. It also satisfied our objective of creating a useful laser
design tool.

a,c

well as the degeneracy of the energy levels are taken into consideration.
As the non-radiative transitions between energy levels (4F5/2 to
4
F3/2 and 4I11/2 to 4I9/2) are very fast, we consider only two energy
levels in this treatment of a four-level Nd:YLF laser, the upper
laser level (4F3/2) and the ground level (4I9/2).3 The other two
energy levels are assumed to be empty. Throughout this paper,
we refer to the ground energy-level population density as N1,
whereas the upper laser energy-level population density is
denoted as N2. The total population density of active ions in the
crystal is NT, so that
.

Introduction
Diode-end-pumped solid-state lasers are very popular because
of their high efficiency, excellent beam quality, compactness and
robustness. With these desirable attributes, solid-state lasers
have numerous applications in the medical, scientific, military
and industrial fields. The ever increasing demand for laser applications ensures that the development of high-power diodepumped solid-state lasers remains an active area of research.
One of the most valuable tools that assists in laser design and
construction is the use of mathematical models and simulations
that explain and illustrate the operational principles of the laser.
In the next section we present a rate equation model that
describes the dynamics of a diode-end-pumped solid-state laser
during continuous wave (CW) or pulsed Q-switch operation. It
is possible to make use of classical rate equations to describe a
laser gain medium if the incident light exceeds the atomic transition linewidth.1
For the CW case, the rate equation model gives the output
power and also predicts pulse energy, pulse peak power and
pulse width for Q-switch operation. The model was developed
to be general enough to model four-level and quasi-three-level
lasers. In closing, we demonstrate the significance of the model
by applying it to a four-level Nd:YLF laser, and show that there is
very good agreement between the numerical model and experimental measurements. The model is useful in determining laser
output as a function of parameters such as output coupler transmission percentage and crystal length.

For the general case of a four-level laser, the rate equation for
the upper laser level population density is defined as4–6

where Ipump is the total pump intensity in the standing wave
resonator. A similar notation is used for the laser intensity. σabs
pump
is the effective absorption cross section at the pump wavelength,
while σem
laser is the effective emission cross section at the laser
wavelength and τ2 is the spontaneous emission lifetime of manifold level 2. From Equation (2), it follows that the number of active ions in level 2 will tend to increase due to absorption of the
pump light (first term) and decrease due to stimulated emission
(second term) and spontaneous emission (third term).
Laser photon distribution and number in the resonator
Let Ω be the total number of laser photons in the resonator. The
laser light intensity is given by7
,
where υlaser is the frequency of the laser light, n the refractive
index of the crystal and φlaser a normalized laser light distribution,
so that
The time dependence of Ω can be described by4,7

The rate equation model
Energy-level population densities
The model as formulated here is applicable to an energy-level
system as denoted in Fig. 1. This energy-level scheme is representative of four-level lasers. As a result of the electric field originating from the crystal host, the energy manifolds are split into
discrete Stark levels.2 Making use of the effective absorption and
emission cross sections ensures that the Stark-level splitting as

where τ c =

2 ( l0 )
and l0 = lresonator + (n – 1)lcrystal (the corrected
cδ
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Fig. 1. The energy-level scheme of a Nd:YLF laser.
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Fig. 2. The experimental Nd:YLF laser setup.

optical path), c the speed of light, and δ the logarithm of the
round-trip loss. The round-trip loss includes general losses due
scattering and residual transmissions of high reflectors as well as
losses from the output coupler that transmits a fraction of the
laser light. We assume that the losses in the resonator are small
and that the output coupler transmits only a small fraction of the
laser light (<10%), implying that the intensities of the laser light
travelling in both directions in the resonator are roughly the
same. Thus we assume that the laser power is equal at any given
point inside the resonator. From these assumptions it follows
that

absorption coefficient, Pinc is the incident pump power and Vcrystal
is the volume of the crystal. Since the population densities N2
and N1 are assumed to be constant over the volume of the crystal
(single-element approximation), it follows that Equation (4) now
becomes
.
Equations (5) and (6) form the basis of the single-element planewave rate equation model.
Applying the model to a Nd:YLF laser

•
••

+
Plaser

I+laser

I−laser with

and
the positive and negative
=
=
signs referring to laser power travelling to the left and right,
respectively, in the resonator
–
Plaser

•
n
with X and Y being the transverse dimensions
l0 XY
of the crystal.

•• φ laser =

Single-element plane-wave assumption
The pump light that enters the crystal is usually highly
non-uniform, which makes it necessary to set up the rate equations [Equations (2) and (4)] to be spatially dependent. However,
in the single-element plane-wave approximation we assume
that the pump light enters the laser crystal as a plane wave and is
absorbed uniformly over the volume of the crystal. The transverse size of the crystal is assumed to be the same size as the
pump beam, while the laser beam is assumed to have the same
size as the pump beam. It follows from Equation (3) that Equation (2) now becomes
,
where ηpump is the pump efficiency (that is, the number of laser
photons that are produced by each pump photon), α is the

Experimental setup
The experimental setup of the Nd:YLF laser is illustrated in
Fig. 2 and some laser parameters are listed in Table 1. A Jenoptik
fibre-coupled diode module, capable of delivering a maximum
power of 158 W at 805 nm, was used to pump the crystals. The
fibre that was coupled onto the diode module had a 0.6 mm core.
The high-power two-Nd:YLF crystal design required that the
pump beam be split with a 50% mirror into two pump beams in
order to pump the two crystals individually. For pulsed operation,
an acousto-optic modulator (AOM) with a maximum loss of 65%
was inserted into the resonator.
Modelling CW operation
The derived rate equation model [Equations (5) and (6)] was
implemented and solved numerically using Matlab’s8 ordinary
Table 1. The parameters that were used as input into the rate equation model.
Parameter

Value

Pump beam diameter
Crystal length
Resonator length
Output coupler transmission
Other losses
Pump wavelength
Laser wavelength
Nd:YLF refractive index
Effective absorption cross section
Effective emission cross section
Upper level lifetime
Pump efficiency
Density of active ions in 1% doping
Crystal doping

2 mm
80 mm
773 mm
20%
2%
805 nm
1053 nm
1.45
–20
2
2.3510 cm
20
2
14 × 10 cm
520 µs
0.7
20
–3
1.39 × 10 cm
0.5 at. %
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Fig. 3. The laser output power versus the incident pump power. The solid line represents the model’s predictions, the dots the measured values, and the dashed line
the analytical solution.

differential equation solvers. The laser parameters that were
used as input into the rate equation model are listed in Table 1.
These parameters were not adjusted in any way to fit the
experimental data. For CW operation, the first step was to model
the efficiency of the laser (output vs input power). The threshold
of the laser was measured to be ~10 W, while an analytical solution according to Fan and Byer9 estimated the threshold to be
18 W. The model’s prediction of 18 W agrees well with these
values. At the maximum incident pump power of 158 W, the
laser output power was measured as 60.3 W, whereas the model
calculated the value to be 57.8 W (Fig. 3). An overall optical to
optical efficiency was measured as 38%, whereas a slope efficiency of 44% was achieved. The analytical value10 for the slope
efficiency was 48% and the rate equation model predicted a
corresponding value of 44%. One main advantage of using the
rate equation model instead of analytical solutions is that the
population dynamics of the laser crystal can also be investigated
(Fig. 4). When the laser was switched on initially, relaxation
oscillations were apparent but as the laser stabilized, the
percentage of ions in the upper laser level converged to a value
of 0.16% of NT (at the maximum pump power of 158 W).
The output power dependence on the output coupler was also
investigated. Figure 5 shows that the laser operated at an output
coupler transmission of 20%, which produced an output power

391

Fig. 5. The laser output power (while pumped with 158 W of incident power) as a
function of output coupler transmission percentage as predicted by the rate equation model. The star indicates the output coupler and laser power at which the laser
operated.

Fig. 6. The rate equation model’s prediction of the percentage of ions in the upper
laser level during Q-switch operation at 15 kHz.

close to the optimal at an output coupler transmission of ~10%.
Even though an output coupler transmission of this value produced a slightly higher laser output, we decided to build the
laser with a 20% output coupler in order to reduce the power in
the resonator to lower the risk of damaging any of the optics.

Fig. 4. The percentage of ions in the upper laser level. As the laser was switched on, relaxation oscillations were apparent but this percentage converged to 0.16% as the
laser stabilized.
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Modelling Q-switch operation
For Q-switched pulse operation, an
AOM was placed inside the resonator to
modulate the cavity loss. While the loss
inside the resonator was high, stimulated emission cannot occur and the
population density in manifold 2 increased. When the AOM loss was then
decreased suddenly, the large population inversion resulted in a laser pulse.
A repetition of this process resulted in a
train of pulses.
The first parameter that was investigated during pulsed operation was the
population inversion (Fig. 6). Whereas
the losses in the resonator were high
due to the AOM, the population inversion increased from 0.097% to 0.236% as
the laser could not lase and the gain
kept increasing. As the losses then
decreased, the population inversion
changed suddenly from 0.236% to
0.097%, which produced a laser pulse.
As the AOM modulated the losses in the
resonator, a pulse train was formed
(Fig. 7). A single pulse from this pulse
train was selected to compare it with an
oscilloscope trace (Fig. 8). At 15 kHz, the
measured FWHM pulse width was
143 ns whereas the model predicted
175 ns. The high-frequency oscillations
that were visible in the oscilloscope
trace were due to mode beating between different longitudinal modes.
The model produced a smooth pulse
trace as it considered only a single longitudinal mode.
A further important analysis involved
investigating the average power and
pulse energy at various AOM repetition
rates (Fig. 9). An average power of
59.1 W was achieved at 30 kHz, which
decreased to a value of 52 W at 5 kHz.
The pulse energy increased from 2 mJ at
30 kHz to 10.4 mJ at a repetition rate of
5 kHz. The model was in good agreement
with these experimental results, especially at high repetition rates. Possible
reasons for the slight deviation of the
model at low repetition rates might be
that the model has no spatial resolution and that up-conversion is currently
being ignored. Unfortunately, no experimental results were available at repetition rates lower than 5 kHz, because
one of the crystals fractured at 5 kHz.
Conclusion
A basic single-element plane-wave
rate equation model was developed
and applied to a Nd:YLF laser. The laser
efficiency, output power and population inversion were among the parameters investigated. Comparison with
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Fig. 7. The Q-switch pulse train during Q-switch operation at 15 kHz according to the rate equation model.

Fig. 8. An individual Q-switch pulse while operating at 15 kHz. An oscilloscope trace of a single pulse (thick curve
with high-frequency oscillations). The model (thin smooth curve) predicts a FWHM pulse width of 175 ns whereas
143 ns was measured on the oscilloscope. The high-frequency oscillations visible in the oscilloscope trace were
due to mode beating between different longitudinal modes.

Fig. 9. The rate equation predictions (dashed curves) together with experimentally measured values (discrete
points) of the average power (dotted curve) and pulse energy (dashed curve) as a function of AOM repetition rate.
The solid line indicates the CW laser output power.
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experimental values showed that the model was successful in
predicting and explaining the dynamics of the Nd:YLF laser
during CW and Q-switch operation. The model proved also to
be a very useful design tool for determining the optimal values
of design parameters such as output coupling, crystal length and
beam diameters.
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The effect of nitrogen on
the co-segregation with
molybdenum in a
Fe–3.5wt%Mo–N(100)
single crystal
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In this study, the co-segregation of molybdenum and nitrogen to the
(100) surface of an iron single crystal was investigated by studying
a Fe–3.5wt%Mo–N single crystal. Ternary segregation systems are
considerably more complex than binary systems in the sense that
there are seven unknown segregation parameters to determine, as
opposed to three for a binary system. A novel approach was undertaken to minimize the number of unknown variables and thus
reduce the calculation time needed for the ternary system, by first
analysing the segregation behaviour of molybdenum in a binary
system [Fe–3.5 wt%Mo(100)] that was exposed to a nitrogen ambient.
Exposing the binary crystal to nitrogen at high temperatures, the
molybdenum segregated to the surface. The segregation profiles of
the two systems were acquired at constant temperatures in the
range 797–888 K using Auger electron spectroscopy (AES). The
segregation profiles were fitted with the modified Darken model
and the segregation parameters, namely, the pre-exponential factor
(D0), activation energy (E), segregation energy (DG) and the interaction energies (WFe-Mo, WFe-N, and WMo-N) for molybdenum and nitrogen, were determined. For the binary system the segregation
parameters for molybdenum were: D0,Mo = 2.4 ×100±1 m2 s–1, EMo =
323 ± 16 kJ mol–1, and DGMo = –38 ± 5 kJ mol–1. These segregation
parameters were then used as initial values to fit the experimental
data of the ternary system. The segregation parameters for molybdenum in the ternary system were determined as: D0,Mo = 1.9 ×
10–4±1 m2 s–1, EMo = 271 ± 11 kJ mol–1 and DGMo = –32 ± 5 kJ mol–1.
The segregation parameters for nitrogen in the ternary system were
D0,N = 2.8 × 10–0±3 m2 s–1, EN = 323 ± 43 kJ mol–1 and DGN = –19 ±
3 kJ mol–1. The interaction energy between molybdenum and nitrogen was DWMo-N = –19 ±3 kJ mol–1.
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Introduction
During the manufacturing process of automotive components,
metallic alloys are often heated for prolonged periods. At such
high temperatures, elements of low bulk concentration (even a
few ppm) have high mobilities and tend to diffuse to the surface
and grain boundaries. This phenomenon is known as segregation
and it may be a significant hurdle for manufacturers, as it
can cause failure of components that were heated, welded or
operating at elevated temperatures, to name a few examples.1–3
Segregation studies thus had their origin in finding solutions to
temper embrittlement caused by grain boundary segregation
and it has been extensively investigated by pioneers such as
McLean.4 With the advent of surface analysis techniques, these
studies became experimentally viable and indispensable.
Segregation is defined as the exchange of atoms between the
surface layer and bulk solid until equilibrium is reached. Traditionally, the concentration gradient was seen as the driving force
behind segregation and diffusion equations such as that of Fick
were used to derive segregation models.5 However, the only
parameters that can be determined via Fick’s equation are the
pre-exponential factor (D0) and the activation energy (E). Today,
an all-encompassing thermodynamic view of segregation
demands that the excess energy of the system is rather viewed as
the driving force behind segregation. From this premise, the set
of modified Darken differential equations can be derived. Using
the Darken approach, additional parameters, namely the segregation energy and the interaction coefficients, can be calculated.
One of the main advantages of the Darken model is that it
describes both the kinetic and equilibrium parts of the segregation profile unlike other theories, which describe only one or the
other.
In recent years, there has been an increased interest in
multicomponent- and co-segregation. Often, it is found that
non-metallic strong segregants, such as carbon and nitrogen,
segregate with metals such as titanium, molybdenum and
chromium which themselves are weak or non-segregating
species. This behaviour can be explained by an attractive interaction between the segregants. The formation of epitaxially stable,
two-dimensional, surface compounds often takes place during
co-segregation.
Theory
One of the earliest theories to explain and predict equilibrium
segregation for binary system was that of McLean4 and for
ternary systems it was Guttman’s equation.6 The Guttman equation includes the interaction (Ωx-y) between the segregating species as well as the interaction between segregating species and
the matrix element (Ωx-M, Ωy-M)…). This study focused on both
segregation kinetics and segregation equilibrium. The Darken
model has proved to be quite successful and easy to apply to
binary systems, but for ternary systems the number of unknown

