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New theories of x-radioactivity

P.0.G. Ogunbade* and S.A. Rakityansky**

We review the radioactive decay of nuclei via emission of a-parti-
cles using three different theoretical approaches. The half-lives of
the radioactive nuclei, calculated using these three methods, are
compared with each other and with available experimental data.
The results show that the superasymmetric fission model with the
double-folding procedure for obtaining the a-nucleus potential is
the most reliable among the three models studied.

Introduction

The problem of a-decay is even older than nuclear physicsitself.
More than a century has passed since the discovery of radio-
activity. The first qualitative interpretation of ¢-decay was given
in the early 1920s in terms of tunnelling through a quantum-
mechanical potential barrier.!? Numerous experimental facts
have been acquired since then, and many theoretical approaches
developed. Modern theories are able accurately to reproduce
the relative half-lives for a wide range of radioactive isotopes. It
is, however, far more difficult to account for their absolute
values. Nowadays, experimentalists continue to measure half-
lives using constantly improving techniques, and theoreticians
pursue their quest for an adequate theory of a-decay.

The process of a-decay can be described in terms of a quan-
tum-mechanical decaying state,’ in which a-cluster formation
and barrier penetration are contingencies inherent to a
quasi-stationary state, or as a superasymmetric fission that may
be visualized as a sequence of adiabatic rearrangements, i.e. as a
continuous change of variables.* About twelve years ago, two
theoretically ‘extreme’ approaches were developed based on
these ideas: the cluster-like and the fission-like theories.” In the
cluster approach the a-emission is treated in a natural way,
whereas in the fission model the a-decay process is considered
as a very asymmetric fragmentation of the parent nucleus. The
main difference between these two models consists in the
behaviour of the system before the formation of the nascent
fragments. In both approaches, however, the potential barriers
are identical beyond the touching distance between the separat-
ing fragments.

The physics of the a-decay is comprehensively described in
the papers by Buck et al.” and in a number of other systematic
studies.'"? Recently, new measurements and improved models
of the a-decay have been reported.®'® In particular, a new
approach proposed in ref. 13 uses the fact that a narrow reso-
nance behaves almost like a bound state with real energy. Its
wave function has a strongly decreasing behaviour inside the
barrier and can be normalized to unity in the internal region. To
ensure the continuity, the external outgoing spherical Coulomb
wave should be multiplied by some coefficient. This matching
coefficient squared is proportional to the decay width, that s, to
the inverse half-life.

The main objective of our work is to test and discuss the reliabil-
ity of three different theoretical approaches: the quasi-stationary
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decaying state approach, the superasymmetric fission model,
and the simple quasi-classical description of the barrier penetra-
tion. The nuclear potentials we need for both the superasymmetric
fission and quasi-classical models are obtained microscopically
by folding the realistic M3Y effective interaction with the nuclear
density distributions of the two fragments.

Decay theories

Alpha emitters can be treated as extremely narrow quantum
resonances, that is, isolated quasi-stationary states. To describe
their structure, we use the fact that a narrow resonance behaves
almost like a bound state with real energy.

In the usual microscopic approach, the calculation of the decay
width requires knowledge of the initial and final state wave
functions and the interaction potential. In principle, the potential
V. should consist of a sum of two-body terms describing the
pairwise interactions between the outgoing « particle and all
nucleons in the daughter nucleus. As is often done, however, the
‘true’ many-body interaction V.4 is approximated by the much
simpler two-body a-nucleus potential

V(r)=Vn(r)+Ve(r)+ Ve, (1)

which is the sum of the nuclear V4, the Coulomb V-, and the
centrifugal
2
Vi = R0+ 1)

SOy e

terms, where u = mA,A,/A is the reduced mass with A, A;, and
A, being the mass numbers of the parent, the daughter, and the
a nuclei, respectively, and m the nucleon mass. The angular
momentum ¢ determining the lowest possible centrifugal barrier
is obtained from the spin-parity conservation law.

For the Coulomb interaction V¢ in Equation (1), we assume
that the o particle is a point-like charge and the daughter nucleus
has a uniform spherical charge distribution (SCD) with radius R,
hence

T Zge?
Ve(r) = O‘Tdé , for (r > R,),
ZaZd€2 T 2 (2)
= j (L <
oR, |:3 (Rc) , for (r <R,.),

where Z, and Z, are the charges of the a particle and the core,
respectively.

Once the decay width T is calculated, the corresponding
half-life is obtained as

h
Tijp=pIn2. 3)

Experimental values of Ty, for different nuclei vary over a
very wide range: ~10°-10% s. As mentioned above, most of the
a-nucleus resonances are long-lived, i.e. extremely narrow,
which makes it difficult numerically to locate the corresponding
S-matrix poles.

The three methods for calculating I', which we test in the
present paper, are described next.

The quasi-stationary decaying state approach
Within the standard microscopic approach, the a-decay width
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for spherical nuclei is calculated as follows (see, for example,
refs 3, 17).

=) Te=lim hod lo)F @)
¢ L

where v is the a-particle velocity relative to the emitter, and
gi(r) is the radial component of the wave function describing
their relative motion. In the external region, beyond the touch-
ing configuration, the function g, obeys the Schrédinger equa-
tion

# o, M(+1)

2 + k7 — .2
where U(r) = Quwh*)V(r) and k* = (2u/h*)E. Far away from the
emitter, where V(r) becomes a purely Coulomb potential, the
solution of Equation (5) isa Coulombic spherical outgoing wave

ge(r) - Co|Ge(n, kr) + iFy(n, kr)] , (6)

—U(r)| g(r) =0, ()

where F, and G, are the standard regular and irregular
Coulomb functions and 7 is the Sommerfeld parameter. Since
lim, .. |G, kr) + iF,(y, kr)| = 1, the partial decay width is pro-
portional to the normalization coefficient squared, i.e.

Ty =Tlw|Cy? . (7)

In order to determine C,, the Schrédinger equation (5) is solved
backwards starting from a far-away point with the asymptotic
condition (6), where for C;an arbitrary number is chosen, say,
C; = 1. When the point r = R separating the internal and external
regions is reached, the thus calculated function g(r) is
renormalized to match a resonant state solution ¢,(r) in the
internal region. The function ¢,(r) obeys the same Schrodinger
equation (5) with the conditions

¢n¥j(r) :;0 ) anfj(r> SOGK(”L]CT) )
and has 7 nodes in the internal region. The matching of the two
solutions thus gives
nei(R)

Ly=h ol .
=GB kR) + F2(n, )

Since F,(n7, kr) << Gy(n, kr) inside the barrier, further approxima-
tion is justified, namely,
_ buti(R) 1°
T, = hv {7@(%1{3) . (8)
In what follows, the quasi-stationary decaying state approach
will be referred to as Method A.

The superasymmetric fission model

In the superasymmetric fission model (SAFM), the formation
of an « cluster is part of the deformation process. It is assumed
that the remaining core and the cluster have spherical shapes
and the « cluster gradually sticks out of the core nucleus. The
potential energy of the system depends on the deformation
parameter, which is the separation between the fragment
centres. The fragments vibrate along the deformation line with
the energy E, that determines the so-called assault frequency
v =E,/h, i.e. the number of attempts to break away through the
barrier. The zero-point vibration energy E, can be determined
using a model that describes the collective motion responsible
for the superasymmetric deformation.

The half-life Ty, of the parent nucleus against its split into an
a-particle and a daughter nucleus is calculated in the super-
asymmetric fission model as (see ref. 16),

hln2 %

Ty =55 (1+e7),

v

9)
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where K is the action integral
2 7 :
K= [ {2ulv(r)-E, - Qu}"? dr .

Ta

(10)

The Q. term is the energy released in the decay process, the
so-called Q-value. It can be obtained either from the kinetic
energy of the a particle (corrected for the recoil) or from the
binding energies of the parent and daughter nuclei.

For a parent nucleus with even N and even Z, the value of E, is
0.1045Q, and when N is odd while Z even, E, = 0.0907Q,,'® The
7, and r, terms are the inner and outer turning points of the
barrier, determined from the equation

V(r)—Ey—Qa=0.

In this paper, we refer to this approach as Method B.

The quasi-classical method

The quasi-classical (or WKB) method is based on the calcula-
tion of the penetration probability for the a particle moving
through the potential barrier. The @ cluster is assumed to be
formed inside the parent nucleus with certain preformation
probability P.

The WKB method is expected to be a good approximation for
low-lying metastable states. The quasi-classical expressions for I
can be derived using the two-potential approach.’® The result-
ing decay width is written as

h2 T3
r= PF@ exp {—2 / k(r) dr} ,

Jry

(11)

where

Bk(r) = /20 B~ V(r)

is the classical momentum, r; (i = 1, 2, 3) are the classical turning
points, and E = Q,. The normalization factor F is determined
from the equation

T2 1 2 ~T /"/ _z B
F/T1 (17%005 (/ﬁdi k(") 4>71,

where the squared cosine factor may be replaced with 1/2 with-
out significant loss of accuracy, so that

2 dr
F/ 2h(r) !

It should be pointed out that the preformation factor P must be
smaller than 1, otherwise, as in the simple two-body model, we
would assume that the ground state wave function of the parent
nucleus contains a pure a-daughter configuration. The decay
width in such a model would always overestimate the experi-
mental decay width. We determine the preformation factor
P from the ratio of the calculated to the measured half-lives.'®
The WKB approximation shall be referred to in this paper as
Method C.

(12)

o-nucleus interaction potential

There is clear proof that the wavefunction of an a-radioactive
nucleus has a non-negligible component corresponding to the
configuration in which the a cluster is present.”>*3* After the
decay, the a particle is in the scattering state relative to the
daughter nucleus. Therefore, an effective a-nucleus potential
should describe simultaneously the half-life of the & emitter and
the elastic scattering of the ¢ particle from the daughter nucleus.

The a-nucleus potentials available in the literature are
constructed using two different approaches. The first of them is



Research Articles

based on a phenomenological optical model, while in the second
the a-nucleus potential is viewed as the sum of individual
NN-potentials, which means that this is a microscopicapproach.

In the optical model, the aA-potential is usually approximated
by a Woods-Saxon (WS) curve. This potential is real because no
absorption processes are involved in the a-decay. Only the
central term is considered and is given by

Vo

Vi =g +exp|(r — Ro)/d] ’

(13)
with Ry = r,A"?, where A is the mass number of the daughter
nucleus. For fixed ry and the diffuseness parameter a (see, for
example, refs 24, 25), the depth V| is adjusted so that the
ground-state energy E = -Q,, is reproduced. The optical model
therefore involves at least one fitting parameter, which makes it
somewhat phenomenological and reduces its predictive power.
In the present paper, we follow a microscopic (ab initio)
approach which is free from fitting parameters. Among the
microscopic theories, the most popular is the double-folding
(DF) model.?*? Starting from a two-body NN-potential Vyyand
the nuclear densities p; and p, of the a-particle and the daughter
nucleus, the aA-potential is constructed as the following integral

Vaa(R) ://pl(Fl)pZ(FZ)VNNG'FZ -7+ é\ p1, p2, ) diy diy (14)

where, besides the configuration vectors shown in Fig. 1, the NN
potential (in general) depends on the nuclear densities and the
collision energy E. In principle, the DF potential should contain
both the direct and the nucleon exchange terms. However, the
latter is considerably more difficult to handle in practice. Thus,
for some applications, the single-nucleon exchange term is
simulated by a delta function pseudopotential.?’ It can also be
taken into account via introducing the energy and density
dependence of the two-body interaction. This is why the poten-
tial Vi in Equation (14) depends on py, p5, and E.

In our work, we use the density-dependent (but E-independ-
ent) NN-interaction, namely, the so-called DDM3Y potential 5%

5s

6—4.05 e~
VNN(S, P1s P2, E) = (79997 — 2134

- 276(5(5)) t(p1, p2)

2.
4.0s 2.5s
with

tpr,p2) = (1= B (1 = Bp°) |
where the depth parameters are in MeV, distances in fm, and 8 =
1.6 fm®. The p; and p, terms in our calculations are modelled as
suggested in refs 27, 29, 30. The a-particle density is assumed to
be of Gaussian form,

p1(r) = 0.4229 exp(—0.70247?) | (15)

while the density distributions of the daughter nuclei are chosen
to be of the spherically symmetric Woods-Saxon form,

Po ) (16)

p2(r) = m )

where

c=mn(l- 7T2(l2/37‘p2), ry = 1.13AY3  and a=0.54fm ,

and the value of p, is fixed by equating the volume integral of
the density function to the mass number A of the residual
daughter nucleus.

In the present work, the double-folding potential is calculated
using the computer code DFPOT* For the Coulomb part of the
interaction, we use Equation (2) with R, = 1.3A'3 (fm).
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a-particle

daughter nucleus

Fig. 1. Vectors used in the double-folding integral (14).

Results and discussion

To avoid unnecessary complications, we consider only nuclei
which decay to the daughter ground state with 100% probability
and for which the spins of both the initial and final states are
known.The masses of the nuclear ground states, needed for
determining the Q-values, are taken from the mass excess table
of ref. 32.

We did the calculations for a wide range of a-decaying nuclei,
using the three theoretical methods. The half-lives thus obtained
are presented in Table 1. For all the 16 nuclei we consider, the
calculations reproduce the experimental half-lives (taken from
ref. 16) to within a factor of 12 or better.The only exceptions are
the nuclei 2®Po and > Th, for which the effects of the protonand
neutron shell closure make it difficult to achieve good accuracy
with the simple potential.®” Comparing the values of Ty
presented in Table 1, we see that all three methods we tested give
similar results. Therefore, if one is satisfied with an order-of-
magnitude estimate, the simplest, Method C, is an appropriate
tool. The half-lives obtained with Method A differ from those
from Method B not more than in 10%. Method C gives half-lives
that are practically identical to those obtained with Method B.

Method C slightly over-estimates the half-lives.The reason for
this is that it completely neglects the parent nucleus configura-
tion in which the a-particle is dissolved among other nucleons.
Despite this, the general trend of the half-lives calculated using
Method C is rather good. The more sophisticated Method B
takes into account the processes of the a-cluster dissociation. It is
not unexpected, therefore, that it gives a better agreement with
the experimental half-lives.

Figure 2 graphically compares the half-lives obtained with the
different models, with the corresponding measured values. For
the neutron-deficient nuclei, all three methods agree with each
other and the observed values. The discrepancy among the

Table 1. Experimental T, and calculated T,3° half-lives of the « emitters.

Nucleus T3 (s) TP (s)
Q (MeV) A B c

INd 1.905 1541 x10% 8.383x10°" 8.423x10% 7.219x 10%
Sm 2529  3.495x 10"  3.619x 10" 2.768x 10" 3.248x 10
®0Gd 2.809 6.603x10” 8.210x10” 5326x10™ 5.646x 10"
%2Gd 2205 5.545x 10  3.946 x 10° 4.065 x 10°" 3.406 x 10”'
T4t 2495 6.347x10%  7.480x10% 3.344x10*® 6.307 x 10%
90py 3250 5.025x 107  1.095x10"® 2.146x 10" 2.050x 10"
208pg 8.954 1.138x10° 9.849x10° 2.895x 107 2.990 x 107
212pg 5216 7.056x10°  4.066 x10° 5.954x 10" 9.139 x 10’
#°Rn 8200 3.461x10° 4.495x10° 8.881x10° 4.500x10°
217Th 9.424  3.027x10° 2.054x10° 1.429x10™* 2.520x107*
#%Ra 5789 2538x10* 2638x10° 9.468x10° 3.162 x 10°
2'nc 5042 1.878x10° 2.102x10° 9.780x 10" 4.975x 10"
29U 6.475  1.437x10° 1.266 x 10 4.979x 10* 1.740 x 10*
232Th 4083 6557x10"™ 3.955x10"7 2.509x 10" 4.431 x 10"
#Cm  6.397  1.094 x 10° 1575x10°  7.733x10° 2.345x 10°
5Fm 7.027  5.687 x 10° 1.094 x 10°  4.650 x 10°  1.167 x 10°
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Fig. 2. The calculated (lines) and measured (circles) half-lives of 16 a-radioactive
nuclei as functions of the atomic mass number. Their numerical values are given in
Table 1.

models is seen for the nucleon number A within the interval
from ~170 to ~210.

Conclusion

In this paper, we compare three different theories describing
the ground-state alpha radioactivity of spherical nuclei: the
quasi-bound state wavefunction approach, the superasym-
metric fission model, and the quasi-classical method. Although
these models have different degrees of sophistication, they
nonetheless give rather similar results. The physical feature of
the decay process, which is common to all three models, is the
motion of the a-cluster through the barrier. The agreement
among the models means that this feature is fundamental.
Therefore, any model based on the concept of relative c-core
motion should give at least a correct order of magnitude for the
half-life.

An important part of the models considered in this paper is
the a-nucleus potential. The calculations were done using an
ab initio microscopic potential. With such an approach, the
a-nucleas interaction is treated adequately. Indeed, ref. 33 shows
that a systematic double-folding potential is able to reproduce
both the elastic « scattering from the core-nucleus and the
bound-state properties of the corresponding compound nuclear
system.

It is worth mentioning that our calculations with the micro-
scopic potential were done without adjusting any parameters.
Despite this, the half-lives, ranging from 107 s to 10% s, were
reproduced equally well. Refinements such as an introduction
of dissipation while tunnelling through the barrier, may further
improve the results. Such calculations could be used, for example,
to estimate the lifetimes of some exotic nuclei.

One of us (PO.G.O.) wishes to express his gratitude to the University of South
Africa for financial support, and to acknowledge fruitful discussions with B.N.
Basu.
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