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Abstract: The FEA method is utilised in the geometric
design of test specimens for use in four-point plane beam
bending fatigue testing. A purpose-designed and -made
testing jig is employed in the test routines. The specimen
geometry is adjusted from a standard, prismatic,
rectangular cross-section to a unique or nonstandard, nonprismatic, complex geometry that nearly ensures fatigue
crack initiation on the free surface of the specimen away
from areas of contact. The proposed method enables the
engineer to retain the in-service or prevailing surface
condition of the specimen material, while evaluating fatigue
properties of interest at full force reversal. Due to the
relatively complex specimen geometry, simple analytical
methods typically used for average stress calculations in
mechanical testing routines are substituted by the FEA
method, allowing for accurate predictions of bending
stresses, as well as reliable predictions of the location of
fatigue crack initiation. The process of interaction between
analysis and testing is demonstrated, resulting in a
specimen design that is easy to manufacture and simple to
test. Several test specimens are subjected to fatigue testing,
demonstrating the accuracy and predictability of results.
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Introduction

The application of the finite element analysis (FEA) method
in the geometric design of fatigue testing specimens used in
four-point plane beam bending mode is demonstrated and
reported on in this paper.
The specimen geometry is adjusted from a standard,
prismatic, rectangular cross-section to a unique or
nonstandard, non-prismatic, complex geometry which
increases the probability that fatigue cracks initiate on the
free surface of the specimen away from areas of contact.
The proposed method enables the engineer to test for
fatigue properties of interest, while simultaneously retaining
the prevailing in-service surface condition of the material
from which the specimen is extracted, as well as being able
to fluctuate the stress on the specimen surface fully between
tension and compression. The extent of stress fluctuation is
described by the force ratio, which is defined as the minimum
force divided by the maximum force in one force cycle [1],
as follows:
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚
𝑅𝑅 =
(1)
𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚
Complete load reversal per force cycle therefore implies
a force ratio of 𝑅𝑅 = −1.

2

Fatigue testing

Fatigue testing encompasses a wide spectrum of types of
tests, ranging from (small specimen) materials testing
through component testing to assembly or system testing
such as complete aircraft weighing many tons [2]. It is quite
easy to visualise that the extent of standardisation reduces as
one progresses from materials fatigue testing through to
systems fatigue testing.
The concept of fatigue testing of materials gave cause to
the notion that fatigue strength generally, and the endurance
limit (fatigue limit) specifically, are inherent material
mechanical properties similar to, say, the modulus of
elasticity or the yield strength of the material under
investigation. For example, in the textbook by Shigley [3],
the fatigue strength of wrought aluminium alloys is listed
alongside yield and tensile strength values in a table of
mechanical properties.
The fatigue strength of a material, 𝑆𝑆𝑁𝑁 , is defined as the
maximum value of the stress range which causes a test
specimen of the material of interest to fracture after the
application of 𝑁𝑁 completely reversed load cycles [1]. As one
would expect, 𝑁𝑁 varies as 𝑆𝑆𝑁𝑁 is adjusted.
The correlation between 𝑆𝑆𝑁𝑁 and 𝑁𝑁 is negative, that is the
number of cycles until fracture generally increases as the
stress range or load range decreases. A collection of fatigue
test results consisting of several pairs of stress range vs.
number of cycles to failure data, is conveniently presented in
graphical format, referred to as an 𝑆𝑆-𝑁𝑁 curve [1].
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As an example, the 𝑆𝑆-𝑁𝑁 curve of normalised SAE 4130
chrome-moly steel is constructed in figure 1 from test data
contained in NACA Technical Note 3866 [4].
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four-point plane beam bending, supported at two outer points
and loaded at two inner points (the test specimen resides
between the two inner loading points).
Let 𝑃𝑃 denote the total applied load and 𝐿𝐿 denote the
overall length of the beam, then the shear force and bending
moment diagrams of a symmetrically loaded beam, divided
into thirds, can be constructed as shown in figure 2.
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Due to the exponential nature of the 𝑆𝑆-𝑁𝑁 relationship,
results are typically plotted on a log scale for number of
cycles, and often for stress amplitude as well. It is noted that
the left-most data point in figure 1 represents the tensile
strength result of a static tensile test.
In the case of steel, furthermore, it is observed that the
negative correlation between 𝑆𝑆𝑁𝑁 and 𝑁𝑁 ceases to exist at a
critical stress range below which it can be declared that an
infinite number of load cycles can be applied without
specimen fracture. This critical stress range is defined as the
fatigue limit (𝑆𝑆𝑓𝑓 ) of the material [1]. The fatigue limit of the
steel tested in figure 1 appears to be slightly larger than
300 MPa, but smaller than 350 MPa.
The difficulty with fatigue strength as a mechanical
property seems to be the amount of variability or scatter
present in the test data. Schijve [5] furthermore states that the
distribution function of the endurance limit is unknown. The
natural consequence of this scatter is that fatigue testing
requires many more test specimens than, say, tensile testing,
in order to arrive at useful and sound conclusions from a
statistical point of view.
The rotating beam fatigue testing machine is commonly
used for generating the required large amount of material
fatigue test data [2].

2.1

Rotating beam fatigue testing

Rotating beam fatigue testing is a simple, accurate, fast and
cost effective method employed for fatigue testing of
engineering materials. The frequency of load cycling is
typically twice as large as that attainable with servo-hydraulic
equipment.
The mechanical design of a rotating beam testing machine
is such that the test specimen assembly resembles a horizontal
beam structure that can be loaded by vertical forces in one
plane. This beam is allowed to deflect or bend in the plane
only, and by rotating the specimen assembly through the
vertical plane of bending, stresses that fluctuate fully between
compression and tension are induced in the specimen.
Specifically, the arrangement of applied forces is
designed to ensure a symmetrically loaded beam in a state of

M(x)
x

Figure 2

Free-body, shear force, and bending moment
diagrams for a simply supported beam in four-point
bending mode

From figure 2 one observes that the maximum bending
moment (𝑃𝑃𝑃𝑃/6) is present and uniform in the centre third of
the beam. This region of the beam also experiences pure
bending, that is shear forces are absent, as can be seen from
the shear force diagram. The bending moment in the beam
induces bending stresses in the beam material. These bending
stresses are typically of prime interest to the test engineer, and
can be calculated from the well-known flexure formula [6].
𝑀𝑀𝑀𝑀
𝜎𝜎 =
(2)
𝐼𝐼

From the flexure formula it is evident that the calculated
stress is a function of the bending moment (𝑀𝑀), vertical
distance (𝑦𝑦) of the point of interest from the beam neutral
axis, and the moment of inertia (𝐼𝐼) of the beam cross-sectional
area about the appropriate transverse axis that intersects the
neutral axis. It is further evident that, for a cross-section at a
particular location on the beam neutral axis, the stress is
maximum when 𝑦𝑦 is maximised, that is, the maximum stress
(tensile or compressive) is located on the beam surface.
It goes without saying that the test specimen is the
weakest part of the (rotating) beam. The specimen is
deliberately machined into a characteristic dog-bone or
hourglass shape on a lathe. In this way, the region of
maximum bending stress is shifted to precisely the centre of
the specimen where the diameter of the specimen is the
smallest. The geometric transitions on the specimen are also
very gradual in order to eliminate stress concentrations, so
that the actual maximum stress corresponds well with the
calculated maximum stress according to equation (2).
The disadvantage, however, of rotating beam testing, for
the purpose of the work presented here, is the inability to
retain the prevailing surface condition of the structure from
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which the specimen is extracted. It is thus not possible to
investigate the effect of actual surface condition on fatigue
life while simulating actual, fully reversed, load cycles
experienced by the structure.

2.2

Four-point bending fatigue testing

Although rotating beam fatigue testing is in fact four-point
bending, reference to four-point bending fatigue testing is
understood to mean testing in a servo-hydraulic testing
machine with a vertical load-line.
The specimen in four-point bending fatigue testing
constitutes the entire beam, which means that the bending
moment and shear force vary in the longitudinal direction of
the specimen (recall that the rotating beam specimen is only
part of the centre section of the beam, being in a state of
constant pure bending). The specimen also does not rotate
during testing, hence the specimen is constructed to obtain
flat surfaces which help to stabilise the orientation of the
specimen with respect to the testing machine. The crosssection of a specimen employed in four-point bending is
rectangular in shape.
It appears that four-point bending is not often employed
in fatigue testing of metals, especially when full force
reversal is required. Instead, four-point bending is used to
characterise the flexure properties of non-metallic materials,
as described in ASTM D6272 [7].
Various configurations are possible to achieve four-point
bending in a vertical load-line machine. Zhai et al. [8]
describe the application of a four-point bending fatigue
testing rig used to test for fatigue properties of an Al-Li alloy
material, but only by loading in one direction (that is 𝑅𝑅 =
0.1). They listed several apparent advantages of four-point
bending, and also mentioned that a standard for four-point
bending fatigue testing is not available (in 1999), causing
specimen geometry to differ among mechanical testing
laboratories.
Hassan and Liu [9] highlight the differences in fatigue
strengths obtained from rotating bending, four-point bending,
and cantilever bending tests of stainless steel pipe specimens,
which they attribute to differences in strain ranges for equal
stress ranges. While all three testing methods are analysed by
FEA, only rotating bending tests are actually performed.
Four-point bending fatigue testing results of aerospace
grade steel are also reported by Baxter et al. [10]. Once again,
loads were applied at a force ratio of 𝑅𝑅 = 0.1. Their focus
was detection of crack growth by means of acoustic emission
techniques, which required a rectangular shaped specimen
that enabled the mounting of sensors at various distances
from the crack location.
Fatigue testing results of forged titanium alloy Ti-6Al-4V
in four-point bending mode are reported by Oberwinkler et
al. [11]. A testing jig was developed with the aid of FEA and
loads were applied at a force ratio of 𝑅𝑅 = −1. The frequency
of load application appear to be quite high, as mention was
made of a resonant machine, and up to 107 load cycles were
applied to specimens. The effect of surface condition, that is
as-forged vs. machined, was investigated.
For the current work, a purpose-designed testing jig is
manufactured because of the unique requirements for fatigue
testing in a full force-reversal mode, as well as the ability to

retain the prevailing surface condition of the specimen
material.
2.2.1

Testing jig

A photograph of the installed testing jig is displayed in
figure 3.

Figure 3

Photograph of installed testing jig

The testing jig comprises of four u-sections that contain
the smaller jig components. These components are eight
shafts of 25 mm diameter (ground surface) that interface with
the specimen (machined surface). The shaft-ends are allowed
to rotate inside 16 needle roller bearings in order to facilitate
rolling motion between the shafts and the specimen surface
during force actuation while minimising relative sliding
between the surfaces.
The needle roller bearings are fitted into 16 eccentric rings
which, in turn, are fitted in the u-sections. The eccentric rings
can rotate in the u-sections. The eccentric rings are also
actuated in pairs by mating rack gears, the positions of which
are adjusted by set screws. By adjusting the set screws, the
racks are translated, thereby rotating the pair of eccentrics via
the meshed gear teeth, causing the centrelines of paired shafts
to either close in or drift out. In this way all shafts are
adjusted until intimate contact with the specimen is attained,
allowing for force reversal in a smooth and controlled manner
that minimises the disturbance to the control system of the
testing machine. The testing jig therefore enables fatigue
testing with a force ratio of 𝑅𝑅 = −1.
The testing jig interfaces with a Schenk servo-hydraulic
testing machine of capacity 250 kN operational in the lab.
The jig is structurally able to carry an externally applied total
force of 150 kN maximum.
2.2.2 Test specimen standard geometry
The standard specimen geometry is a prismatic bar with a
rectangular cross-section of nominal width 20 mm and
nominal height 40 mm. The distance between the outer beam
supports, that is the length 𝐿𝐿 in figure 2, is 210 mm.
The testing jig displayed in figure 3 accepts a rectangular
cross-section specimen of width between 10 and 25 mm,
height between 39 and 41 mm, and length between 230 and
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276 mm. While the bending moment only depends on the
loading arrangement (loading sizes and positions), the
moment of inertia depends on the specimen cross-section
only, bearing in mind that the maximum vertical distance
from the neutral axis is for practical purposes constant (the
testing jig allows for specimen height variation between 39
and 41 mm).
Changes or variation in the moment of inertia along the
specimen neutral axis cause variation in the stress distribution
in the specimen. In particular, the specimen cross-section
could conceivably be modified or designed in such a way that
the maximum surface stress is located in a preferred region
of the specimen. This process is explored further below.
2.2.3 Contact and fretting
The basic disadvantage of a four-point bending arrangement
is the regions of contact between the testing machine/jig and
the test specimen. Stresses induced in these areas by contact
can only be accurately calculated or measured with great
difficulty, which means that a test result is unreliable if
fracture occurs in a region where contact exists.
A specimen that bends causes regions in the beam to
experience tension stresses and other regions to experience
compressive stresses. Tension and compression regions are
separated by the neutral plane. In the case of static testing
where the surface in tension is of interest, a reliable test result
can readily be recorded because the points of contact reside
on the surface in compression (the opposite surface). If,
however, the surface in compression is of interest, a problem
arises because of contact due to specimen loading.
In the case of dynamic testing (with a view to evaluate
material fatigue properties, often simply referred to as fatigue
testing) at a force ratio of 𝑅𝑅 = −1, the contact problem
remains acute because fatigue cracks are likely to originate
precisely in these regions of contact. This may happen owing
to fretting between the jig rollers and the specimen surface on
the lines of contact, or because of local plastic deformation
(indentation) of the specimen material on the lines of contact.
Nevertheless, it was desired to develop a test method that is
independent of special lubrication requirements or the need
for shimming between surfaces in contact.

3

Analysis and fatigue test results

Stress analysis is necessary in order to provide force target
values during testing. Simple analytical models or equations
are utilised because standard specifications on specimen
geometry are followed. The calculation for average normal
stress for a bar in tension, 𝜎𝜎 = 𝐹𝐹/𝐴𝐴, is well-known and
regularly used in tensile testing.
Deviation from standard specimen geometry requires
caution, because the maximum stress in a specimen may
deviate significantly from the average stress calculated by the
simple equation. Stress analysis by FEA, however, solves
this problem efficiently, and the author believes that much
more information can presently be inferred from mechanical
testing by duplication of the test set-up in FEA.

3.1

Specimen material properties

Aluminium alloy 6082-T6 is a medium strength structural
alloy available in 20 mm plate, and is the alloy most
commonly used for machining [12].

The material properties of the alloy are listed in table 1
[12],[13].
Table 1

Material properties of specimen material

Property
Density
Elasticity (Young’s modulus)
Poisson’s ratio
Yield strength
Ultimate tensile strength
Elongation at break

3.2

Value
2700
70
0.33
260
310
10

Unit
kg/m3
GPa
MPa
MPa
%

Standard test specimen geometry

3.2.1 Stress calculation
In order to ensure fatigue fracture within a reasonable (from
a testing time point of view) number of cycles (< 106 ), a
target maximum stress of at least 60% of yield stress is
selected, that is 156 MPa. Substitution into the flexure
formula, equation (2), yields
𝑀𝑀 =

𝜎𝜎𝜎𝜎 𝜎𝜎𝜎𝜎ℎ3 156(20)(403 )
=
=
40
𝑦𝑦
12𝑦𝑦
12 � �
2

(3)

∴ 𝑀𝑀 = 832 [kN.mm]

From figure 2 the peak force is calculated as
𝑃𝑃 =

6𝑀𝑀 6(832)
=
𝐿𝐿
210

∴ 𝑃𝑃 = 23.8 [kN]

(4)

Based on this result, a slightly higher force amplitude of
25 kN is selected for the fatigue test. This increase in force
raises the peak stress to 164 MPa (calculated from eq. (2)).
3.2.2 FEA result
Two planes of symmetry intersect the load line of the
machine at right angles to each other. One of these is utilised
such that only one half of the jig/specimen assembly is
modelled as solids in the FEA software [14], as shown by the
meshed model displayed in figure 4.
The jig structures are also modelled due to a simultaneous
requirement to assess the strength of the jig, determined at
150 kN stated in section 2.2.1.
A vertical load of -12.5 kN (in the y-direction as defined
in figure 4) is applied to the left hand side of the jig model,
which is also constrained to allow movement in the ydirection only. The right hand side section is fixed in space.
A contact formulation is defined between the cylindrical
shaft surfaces and the specimen surfaces. An exponential
pressure is defined for contact normal to the surfaces, while
frictionless tangential behaviour is selected.
The specimen is meshed by 13091 quadratic hexahedral
elements of type C3D20. The bending stress contours in the
specimen at equilibrium conditions are displayed in figure 5
in two dimensions.
A maximum tension stress of 166 MPa is recorded on the
bottom surface of the specimen, while the maximum
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compressive stress due to bending is 161 MPa (not indicated
in the figure).

Strain vs. Force

3000

Strain [µm/m]

2000

Left
hand
side

1000
0
-1000
-2000
-3000
-30

Right
hand
side

FE model of half the jig/specimen assembly

The maximum compressive stress due to the combination
of bending and contact is given as 352 MPa, as shown
beneath the shaft, although this number is quite dependent on
the specifics of the contact formulation and not considered to
be accurate.
There is good agreement between the stress calculation of
section 3.2.1 of 164 MPa (both tension and compression) and
the FEA results of 161 MPa compression and 166 MPa
tension.

10

20

Table 2

Strain gauge extreme data points

30

Force [kN]

Strain [µm/m]

-27.3
27.2

2384
-2328

Assuming a linear relationship between force and strain,
one can interpolate between the above two sets of data points
for the estimated strain at 25 and -25 kN. The stress estimates
are subsequently calculated employing the modulus of
elasticity (which is used in the linear elastic FEA as well), as
shown in table 3.

Force
[kN]
-25.0
25.0

Standard specimen bending stress contours

0
Force [kN]

Standard specimen strain gauge result

Table 3

Figure 5

-10

Figure 6

Specimen

Figure 4

-20

Estimated strain and stress at ±25 kN force

Strain
[µm/m]
2183
-2140

Stress (𝜎𝜎 = 𝐸𝐸𝐸𝐸)
[MPa]
153
150

Stress (FEA)
[MPa]
164
161

The difference between the measured and computed
strains (and hence stresses) of about 7% can be attributed to
the specifics of the contact formulation between the jig and
the specimen. The FEA assumes frictionless contact between
the shafts and the specimen, while a specified friction
coefficient between these bodies of 0.1 reduces the solved
strains to within 1.5% of the measured values listed in table 3.
Upon invoking the fatigue routine, the data of the first few
force cycles is recorded and displayed in figure 7. The force
amplitude is 25 kN, the mean force is 0 kN, and the initial
frequency is 1 Hz (the frequency is subsequently raised to 5
Hz in order to speed-up the test).
Force history

30

Force [kN]

20

3.2.3 Test results
In order to verify calculated strain and stress against
measured quantities, a strain gauge is attached to the surface
of the specimen, right in the middle, measuring the strain in
the z-direction defined in figure 4.
The strain results as a function of total applied force
(which is varied across the complete range of interest) are
displayed in figure 6. From the graph it is evident that the
relationship between the applied force and the measured
strain is linear, and that it runs through the zero point.
The values at the two extreme data points in figure 6 are
listed in table 2.

10
0
-10
-20
-30
0

Figure 7

5

10
15
Time [s]

20

25

Standard specimen force cycles
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Specimen fracture occurred after 127 748 force cycles. A
photograph of the fractured specimen is displayed in figure 8.

the previous test, the value is not of any importance in this
work.
A photograph of the fractured specimen is displayed in
figure 10.

Crack
initiation

Figure 8

Photograph of fractured specimen (standard)

The fatigue crack initiated from the line of contact
between the specimen and the jig shaft closest to centre of the
specimen, as expected.

3.3

First modified test specimen geometry

3.3.1 FEA result
The first modification to the standard test specimen
introduced in section 3.2 is machining of a 15 mm diameter
centre hole transverse and horizontal to the length-axis of the
specimen. The idea of the hole is to reduce the strength of
the specimen in a region away from the contact zones, thus
causing the stress to rise in this region.
The applied force is kept unchanged at -12.5 kN (ydirection). The bending stress contours in the specimen at
equilibrium conditions are displayed in figure 9.

Figure 9

Figure 10 Photograph of fractured specimen (first mod.)

Once again, the fatigue crack initiated on the line of
contact between the jig shaft and the specimen. The proposed
modification therefore proved inadequate.

3.4

Second modified test specimen
geometry

3.4.1 FEA result
As an intermediate modification step, the diameter of the
transverse hole is substantially enlarged in order to reduce the
applied load, and hence the contact stresses, while still
maintaining a maximum stress of about 164 MPa. In fact, the
diameter is increased as much as possible (up to 28 mm) until
the location of the maximum stress shifts from the specimen
outside surface to the hole inside surface. This situation is of
course undesirable since the probability is increased that the
crack initiates in the hole and propagates to the outside
surface.
The applied force is reduced to -8 kN (y-direction),
equivalent to 16 kN in the actual test, in order to obtain
bending stresses of similar magnitude to those calculated in
sections 3.2.2 and 3.3.1. The bending stresses for this
intermediate case at equilibrium conditions are displayed in
figure 11.

First modified specimen bending stress contours

The maximum tension stress increases from 166 MPa to
171 MPa, and its location shifts slightly towards the centre of
the specimen away from the areas of contact.
3.3.2 Fatigue test results
The target force profile has a mean value of 0 kN and an
amplitude of 25 kN. The force signal is applied at a frequency
of 5 Hz.
Specimen fracture occurred after 188 178 completed
force cycles. Although the number of cycles increased from

Figure 11 Second intermediate modified specimen bending
stress contours (28 mm diameter hole)

From the graph of stress contours it is witnessed that both
the maximum tension and compressive stresses are located on
the inside surface of the hole. The maximum tension stress is
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216 MPa, while the maximum compressive stress is
229 MPa.
In order to mitigate this new development, the hole is
translated or sweeped (as a final modification step) through a
distance of 14 mm along the length of the specimen in order
to create a slot. The corresponding bending stresses for the
same load (-8 kN) are displayed in figure 12.

0
1

2

3
Figure 13 Photograph of fractured specimens (second mod.)

Figure 12 Second modified specimen bending stress
contours (28 mm diameter slot)

The maximum tension stress is reduced from 216 MPa to
179 MPa, and resides on the outside surface of the specimen
as desired. The compressive stress at the same point – when
the load is reversed – is 177 MPa.
3.4.2 Fatigue test results
Four test specimens are prepared from the specified material
and subjected to the test routine.
The applied force amplitude is reduced to 16 kN, while
the frequency is increased to 10 Hz (reducing the time
required to test). The results are summarised by the data
presented in table 4.
Table 4

Figure 14 Fracture surface specimen no. 0

Cycles to failure (final modified geometry)

Specimen no.
0
1
2
3

Cycles to failure
271 233
373 548
364 514
254 989

Figure 15 Fracture surface specimen no. 2

4
A photograph of the fractured specimens is displayed in
figure 13. The specimens are numbered from the far side to
the near side, in chronological order.
One specimen (no. 1) fractured from a crack that
originated at the line of contact beneath the jig shaft. Three
out of the four specimens, however, fractured in the desired
and expected region as predicted by the FEA effort. These
specimens can be identified from the photograph as
specimens no. 0, 2, and 3.
It is also noted that the fatigue cracks indeed initiated on
the outside surfaces of the specimens. Photographs of the
fracture surfaces of specimens no. 0 and no. 2 are displayed
in figures 14 and 15, respectively.

Conclusion

The predictive capability of FEA is utilised in a process
where the geometry of a standard test specimen is modified
into a nonstandard geometry that is still suitable for
mechanical testing.
The standardisation of specimen geometry in mechanical
testing enables the utilisation of analytical equations to
calculate induced stresses in the specimen for a known
applied force. Deviation from a standard geometry
necessitates the employment of an alternative method of
analysis, such as FEA, since analytical solutions to the stress
distribution in this nonstandard geometry are not available.
The process is successfully demonstrated in a four-point
bending fatigue testing arrangement. Induced stresses due to
the applied load, as well as the location of crack initiation and
fracture, can be predicted (by FEA) and manipulated to a
satisfactory extent – three out of four test specimens fractured
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in the desired region from a crack that initiated on the outside,
free surface of the specimen.

5
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