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Synopsis
Stress analysis in a rock medium is essential to determine the stress
concentration between two consecutive circular holes and prediction
of fracture behaviour. When two consecutive circular holes in a
hard rock medium such as granite are loaded internally by the
pressure of non-explosive expansion material (NEEM), stress
concentration occurs between the holes which then causes the rock
to fracture. In this work, finite element (FE) analysis using Phase2
code was employed to study the stress concentration between two
consecutive circular holes under internal pressure induced by
NEEM. Effects of different hole diameters and spacings, rock
properties and NEEM pressures have been analysed. The data
gained from the numerical analysis and analytical solutions were
then used to develop two models. These models were then modified
by using the FE data and polynomial regression analysis. The
developed analytical models showed to be in a very good agreement
with the FE analysis. Hence, the developed models can be used with
confidence to determine stress distribution and concentration
factors around two consecutive circular holes in a hard and brittle
rock which are loaded internally by the pressure induced from the
NEEM.
Keywords
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hours1–5. If the spacing of the holes is suitable,
it will create a crack between two consecutive
holes, and the rock will fracture along the
high-stress concentration path between the
holes. If the material of the medium is brittle,
such as hard rocks (e. g. granite and
quartzite), it will not yield and no plastic
behaviour in the material before failure will be
observed6–13. Thus, the material is considered
to behave in a linear elastic mode.
When there are two consecutive holes in a
plate loaded internally, stress concentration
will occur. The maximum elastic stresses
(stress concentration) were examined by
several methods, such as photoelastic
analysis14,15, direct strain measurement16,17
and numerical modelling18,19. There are many
empirical models for estimating stress concentration in different geometry, such as a circular
hole. The scope of this work is to develop a
model to analyse stress concentration between
two consecutive circular holes in a hard rock
medium which is loaded internally by NEEM.
The model, based on analytical method and
verification by the finite element method, has
been upgraded.

Stress distribution around a circular hole
due to internal and external loads
One of the main methods in quarry mining,
especially in hard rocks, is the controlled
fracture method that is carried out by the
introduction of a slowly advancing crack by
non-explosive expansion material (NEEM).
The application of NEEM in hard rock quarry
mining has recently been increased1. This
method of rock breakage is without noise and
vibrations and its operation, compared to the
blasting method, is more controllable, very
safe and easy and without extra undesirable
cracks in the rock block.
In this method, some circular holes are
drilled consecutively with equal length,
diameter and spacing (centre to centre
distance) in a rock block. Subsequently, the
holes are filled with NEEM, which by its
expansion will generate an incremental static
load into the holes after about two to four
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Stress distribution around a circular hole
depends on the stress field condition. Kirsch20
initially studied this problem for a single
circular hole under two-direction stress field.
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Analysis of the radial and tangential stress distribution
The stress distribution of a thick wall cylinder under
uniform external and internal loading is as follows21:
[1]

[2]
where σr and σθ are the radial and tangential stresses respectively and r is the radial distance of the consider point from
hole centre. Pi and Po are internal and external pressures
respectively and a and b are the internal and external radius
of the thick wall cylinder respectively. Because of axial
symmetry in the loadings and body geometry, there is no
shear stress in the medium. As a principle in rock mechanics,
the tension stress is considered negative and the compressive
stress is considered positive22,23. The constraint for using
thick wall cylinder equations is as follow24,25:
[3]
If there is no external pressure (Po = 0 ) the equations
become:
[4]

[5]
If the thickness of the cylinder wall increases to infinity
(b→∞), the cylinder will transform into a circular hole in an
infinite plate, such as a hole in a rock medium. Then,
Equations [4] and [5] convert to:

Stress concentration factors around a circular single hole
due to uniform and axial symmetrical external pressure were
analysed by Howland26, Frocht27, Lipson and Juvinall28.
Obert and Duvall29 have studied the stress distribution
around pillars (rock columns) between two parallel circular
excavations subjected to uniaxial compressive external
loading by photoelasticity method. If the type of external
loading is tension in two directions, two empirical models
were developed by Schulz30 and Peterson31.

Stress concentration between consecutive holes
under internal pressure
When two or more circular holes in a plate are loaded by
internal pressure, stress concentration will occur among
them. When the stress intensity is equal to the rock fracture
toughness, cracks may be initiated. Subsequently, the crack
will grow; however, as the length of the crack increases, the
stress on the crack tip decreases, due to distancing from the
hole, thus decreasing the stress concentration. Nevertheless,
by increasing the stress induced from the hole due to
application of NEEM, in due time, the stress intensity on the
crack tip will again increase up to the level of rock fracture
toughness. Thus, again the crack will grow further, and this
circle of events will repeat; hence, a controllable mechanism
for crack growth may be achieved. Figure 1 shows a rock
fracture between two neighboring holes due to the application
of the NEEM in a granite quarry mine in Taleghan, Iran.
As stated before, Equations [6] and [7] may be used to
determine the stress distribution around a circular hole.
However, when there are two consecutive circular holes in a
rock medium, these equations have to be modified. The
modified equations may be assumed to be as follows:
[8]

[6]

[9]

[7]

Figure 1—Rock fracture between two neighboring holes by the NEEM in a granite mine (Arshadnejad, 2010)
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Figure 2—Trajectories stress on nodal points in the numerical modelling

Table I

Applied parameters in the numerical modelling

28, 32, 38, 44

Hole spacing (mm)

Poisson’s ratio

Internal pressure by NEEM (MPa)

50, 80, 110, 140, 170, 200, 230, 260, 290

0.1, 0.15, 0.2, 0.25, 0.3

10, 20, 30, 40, 60, 80, 100

[10]
where Cr and Cθ are the stress concentration factors for the
radial and tangential elastic stress respectively and d is the
diameter of holes. Other parameters are those explained
earlier in Equations [1] and [2].
In this work, the Phase2 code32,33 based on the finite
element method (FEM) was used to determined the radial
and tangential stresses around the hole (σr and sθ) by
numerical analysis. In this respect, six nodal triangular
elements with nodal averages were utilized. Figure 2 shows
the iso-stress contours around of a hole.
The model geometry and the parameters were selected
based on real conditions of quarry mining operations. There
is a new experimental model which it can be used for
determining of the NEEM’s pressure (Arshadnejad, 2010).

effect, as it has been confirmed by previous work34.
Therefore, just around 180 numerical models had to be
analysed. Figure 3 shows the stress concentration zones
between two consecutive circular holes with a typical hole
diameter of 44 mm and hole spacing of 50 mm under internal
pressure of 15 MPa due to NEEM.
The results from numerical analysis show that Poisson’s
ratio, hole diameters and hole spacings are the main
parameters that affect the stress concentration between two
consecutive circular holes. The data from numerical analysis,
along with multiple regression and logarithmical data35,36,
were used to determine Cr and Cθ. Equations [12] and [13]
show these predicted models.
[12]

[13]

[11]
Where Pi is the NEEM’s Pressure in MPa, t is the time of
loading in hours, d is the hole diameter in m and E is the
Young’s modulus of the rock or material in GPA.
Table I shows the parameters that were applied in the
numerical models. The internal pressures in the holes were
due to non-explosive expansion material (NEEM).
While running the program, it was noticed that Young’s
modulus and internal pressure have no effect on the stress
concentration factors. Since the stress concentration factor is
essentially of geometrical characteristics, this finding seems
to be justified. However, Poisson’s ratio tends to have some
The Journal of The Southern African Institute of Mining and Metallurgy

where υ is the Poisson ratio of rock, d is the diameter of
holes and S is the edge-to-edge distance between two
consecutive holes (hole spacing). Figures 4 and 5 show a
comparison between finite element (FE) data and predicted
models from Equations [9] and [10] for the radial and
tangential stresses versus distance from hole centre.

Modification of the predicted models
With reference to Figures 4 and 5, it can be observed that
stresses determined from FE data and predicted models are
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Hole diameter (mm)
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Figure 3—Stress concentration zones between two consecutive holes

Figure 4—Radial stress distribution at vicinity of a circular hole from FE data and predicted model

Figure 5—Tangential stress distribution at vicinity of a circular hole from FE data and predicted model
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not quite similar and there are some differences between
those. Hence, modifications have to be applied to the
predicted models so that a closer agreement can be achieved.
The values of differential stresses (the difference in FE data
and predicted models) were plotted against the distance from
hole centre for both of the radial and tangential stresses. The
polynomial regression analysis was then utilized as a modification function and applied to the results given in Figures 6
and 7. The modified models achieved from this analysis are
shown in Equations [14] and [16]. The corresponding
modified functions are also demonstrated by Equations [15]
and [17].

[14]

[15]

[16]

[17]
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Figure 6—Differential radial stress against the distance from hole centre
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Figure 7—Differential tangential stress against the distance from hole centre

Analysis of the radial and tangential stress distribution
A comparison was then made between the FE data,
predicted models (Equations [9] and [10]) and modified
models (Equations [14] and [16]) in Figures 8 and 9 by
plotting the corresponding radial and tangential stresses
versus the distance from hole centre. As it is anticipated, the
values obtained from FE data and modified models are almost
identical; apparently the values of the predicted models show
some deviation.
Therefore, the final equations for determining stress
distribution including stress concentration factor between
consecutive circular holes due to internal pressure of NEEM
are as follow:
[18]

[19]

where d, r and S are in meters and Pi, σr and σθ are in MPa .
Finally, verification was done by plotting stresses from
modified models versus FE data. Figures 10 and 11 show
these validation graphs. It is observed that there is a
remarkable agreement between the results.

Conclusions
Based on the solution for a thick wall cylinder and assuming
that the wall thickness increases to infinity, an equation for
determining stress around a single circular hole in a rock
plate maybe achieved. In this work, this equation has been

Figure 8—Modified model and FE data for radial stress distribution

Figure 9—Modified model and FE data for tangential stress distribution
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Figure 10—Actual data and estimated data for the radial stress distribution

Figure 11—Actual data and estimated data for the tangential stress distribution
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models, appropriate modifications using polynomial
regression analysis were applied in order to achieve a closer
agreement between the results. Therefore, the obtained
relations can be used confidently to determine stress distribution between two consecutive circular holes internally
pressurized by NEEM in a hard and brittle rock medium such
as granite.
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modified for determining the stress concentration between
two consecutive circular holes by introducing a coefficient in
the equation. This stress concentration coefficient was
estimated by numerical modelling based on the model
geometry and Poissons ratio, resulting in two equations that
are obtained by multiple regression analysis. Due to
differences in the stresses determined from FE data and the

Analysis of the radial and tangential stress distribution
biaxial compressive loading conditions, Journal of Tectonophysics,
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