
Analytical solution for the APS of a failed 2D pillar

Equation [11] predicts an exponential increase in the pillar
stress away from the edge towards the centre of the pillar. If
the pillar width is w and if the pillar is completely failed then,
assuming that the stress profile is symmetric about the centre
of the pillar, the average stress in the pillar is given by:

[15]

By substituting Equation [11] into [15], it follows that:

[16]

Substituting α = 2 µm/H into Equation [16], the average
pillar stress can be expressed as

[17]

The form of Equation [17] suggests that the average
stress can be written compactly in the following
dimensionless form

[18]

where the constant β = µmw/H represents a non-
dimensional parameter that is proportional to the width to
height ratio. In the limiting case when the width w becomes
very small, β = → 0 and APS → S. This clearly indicates that
some caution should be exercised in using the simple limit
equilibrium model for very slender failed pillars where w < H.

The behaviour of the model derived above can be
illustrated using a specific choice of the basic parameters. The
following constants were assumed for the initial comparison:
S = 5 MPa, m = 2, µ = tanφ = tan 30° , w = 10 m, and H = 5
m. If these values are inserted into Equation [17], it is found
that the APS = 19.63 MPa. This value was compared with the
numerical modelling example described below.

It should be noted that the residual APS value for a failed
pillar predicted by Equation [17] is very sensitive to the
width to height ratio of the pillar. To illustrate this, Equation
[17] is plotted for different width to height ratios (Figure 7).
The other parameters used were S = 5 MPa, m = 2 and µ =
tanφ = tan 30° .

To illustrate the effect of different friction angles,
Equation [17] is plotted for friction angles from 5° to 45°
(Figure 8). The other parameters used were S = 5 MPa, m = 2
and w = 10 m and H = 5 m. Note that as the friction angle
approaches zero, the residual APS tends to S. 

Implementation of the crush pillar model in TEXAN

An overview of the TEXAN tabular excavation computer
program is given in Napier and Malan12. The code can
currently solve both two-dimensional and three-dimensional
problems with multiple interacting tabular reef planes and
planar fault planes. These planes are tessellated with
displacement discontinuity elements to represent stope ride
and elastic convergence movements or to model slip
movements on fault planes. Elements can be in an ‘infinite’
space or in a ‘semi-infinite’ space with a flat, stress-free
surface. The medium is assumed to be elastic and isotropic.

Analytical kernel expressions are used to compute half-space
influence functions in three-dimensions. Elements can be
two-dimensional line segments, three-dimensional triangles
or three-dimensional convex quadrilaterals. (In particular,
square elements can be used if required). Both in-plane and
anti-plane components are allowed in two-dimensional
analyses. 

Each element can have one or more internal collocation
points giving constant or higher-order variation discontinuity
densities. Triangular elements can be defined to have 1, 10,
or 15 internal collocation points giving constant, cubic (third
order), or quartic (fourth order) discontinuity variations
respectively. Quadrilateral elements can be defined with 1 or
9 internal collocation points. A quadrilateral element with 9
internal collocation points is assigned a bi-quadratic shape
function (degenerate fourth order). 

Stress and displacement field values (so-called
‘benchmark’ values) close to excavation surfaces are
accurately computed with higher-order elements if the normal
projection of the field point falls within the element
perimeter. Stress singularities can nevertheless arise close to
element boundaries (approximately within 0.1 of the element
‘diameter’). Field values cannot be computed accurately
within a distance of approximately two to three element
‘diameters’ normal to the element plane when using constant
elements.

Additional attributes of the TEXAN code include the
ability to specify mixed displacement and stress component
boundary conditions on specific elements, the inclusion of
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Figure 7—Simulated residual APS values for a failed pillar at different
width to height ratios

Figure 8—Simulated residual APS values for a failed pillar as a function
of assumed friction angle
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backfill regions in mined areas, and the ability to simulate
fault slip processes by activating pre-defined element tessel-
lations in sequential mining steps.

Regarding the limit equilibrium model, the examples
given in the previous section are relevant to plane strain
layout configurations and, therefore, are of limited use in
tabular layout pillar design. It will be very difficult to extend
the simple differential relationship embodied in Equation [5]
to the case of a pillar having an irregular, two-dimensional
plan shape. In particular, it is apparent that the slip field
orientation in the pillar should depend on the relative
magnitude and direction of the in-seam principal stress
components and the detailed pillar shape. In order to
maintain the appealing features of the simple model, it is
assumed that Equations [10] and [11] can still be applied at
each internal pillar element collocation point where stress
conditions are evaluated. The crucial assumption is made that
the distance that is used at each such point is interpreted as
the closest distance from the point to the relevant polygonal
edge defining the pillar shape. It is straightforward to
compute this distance for all pillar and abutment element
collocation points. This simple strategy then permits the limit
equilibrium model to be extended to general tabular layout
problems with irregularly shaped pillars. 

Numerical modelling of the APS of a failed pillar

A specific model geometry simulated with the TEXAN code is
shown in Figure 9. It was attempted to simulate a ‘rib’ pillar
to approximate the two-dimensional solution of APS given
above. The pillar was simulated at a depth of a 1000 m and
the stress gradient was 0.031 MPa/m. 

Figure 10 illustrates the stress distribution along Section
AA’ for the rigid pillar. Note the classical stress profile for a
simulation in which the pillars are assumed to be rigid
(incompressible).

The simulated APS value for the pillar (average of all 800
collation points) was 110.56 MPa. In comparison, Figure 11
illustrates the stress profile along section AA’ if a limit
equilibrium model is assumed and the parameters given
previously are assumed (S = 5 MPa, m = 2, µ = tanφ = tan
30° , and H = 5 m; the peak and residual values are assumed
to be similar). The behaviour predicted by Equation [11] is
also plotted in the figure.

The average of the 10 simulated values across section
AA’ is 19.48 MPa. This is in close agreement with the
analytical value of 19.63 MPa calculated using Equation [17].
The average APS for the entire pillar is 18.65 MPa. This is
slightly lower owing to the effects at the two ends of the pillar
(an infinite long rib pillar was only approximated but not
simulated).

From Figure 11, a key attribute of the limit equilibrium
model is clearly visible: The stresses increase in an
exponential fashion towards the centre of the pillar.
Salamon11 identified this as a potential problem as it may
lead to the formation of unduly high stresses in the core of
wide pillars. The magnitude of these stresses may become
sufficiently high to cause failure in the hangingwall or
footwall. The current model as implemented in TEXAN can
allow this off-reef failure to be evaluated in restricted cases
by allowing shear failure planes to grow from the pillar
edges.

▲
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Figure 9—Layout simulated. Square elements of 1 m size were used for
the initial simulation. The stress profile along section AA’ was plotted.
The pillar was simulated as a rigid pillar and then allowed to crush in a
second simulation

Figure 10—Simulated vertical stress along section AA’ for a rigid pillar

Figure 11—Simulated vertical stress along section AA’ for a limit
equilibrium model



Effect of element size

Regarding APS calculations using displacement discontinuity
boundary element programs, Napier and Malan14 have
illustrated that the simulated APS can depend on the chosen
mesh size. Regarding the limit equilibrium model, it is
expected that the mesh size will also play a role. This is of
particular importance when simulating a large-scale crush
pillar layout as the pillar width may be as small as 2–3 m. In
TEXAN, the limit equilibrium equation is applied at each
internal pillar point where stress conditions are evaluated.
The distance that is used at each such point is interpreted as
the closest distance from the point to the relevant polygonal
edge defining the pillar shape. This closest distance will be
dependent on the element tessellation covering the pillar, and
care should be taken that the average element size is much
smaller than the width of the pillar. To investigate this effect,
the geometry shown in Figure 9 was simulated using the
same modelling parameters but with different element sizes.
Figure 12 illustrates the effect of element size when using
square constant-strength (single collocation point) elements.
As expected, very coarse element sizes (5 m) will underes-
timate the residual strength of the failed pillar. The few
element collocation points present fall outside the higher
stresses of the central core of the failed pillar and therefore
underestimate the average stress. Note that the data point for
the 2 m element size is considered as an ‘outlier’ as this is
the only size where an uneven number of elements were
required to cover the width of the 10 m pillar. This resulted in
the collocation point of the centre row of elements capturing
the high stress value in the centre of the pillar (see Figure
11).

The effect of using an irregular mesh of triangular
elements was also investigated. An example of such a mesh
covering the pillar is shown in Figure 13. Simulations with
various average element sizes were conducted. The results
are shown in Figure 14. Of interest is that the residual APS is
much less sensitive to mesh size than for the regular mesh
consisting of square elements.

Simulation of crush pillar behaviour

The examples presented above illustrate the potential utility
of the simple limit equilibrium model to simulate the
behaviour of crush pillars. When such a model is
implemented in a suitable boundary element code, it will
allow for the simulation of large-scale platinum mine layouts
utilizing these pillars. The effect of parameters such as depth,
potholes, regional pillars, and oversized pillars on the
crushing of the pillars can now be investigated. As an
illustration of this capability, the TEXAN code was used to
simulate an idealized crush pillar layout. The simulated
layout is shown in Figure 15. It consists of a 30 m x 70 m
stope panel with a second panel being mined in a sequential
fashion adjacent to this first panel. The layout was simulated
using eight mining steps with seven crush pillars being
formed in this process. For the second panel, the size of each
mining step was 10 m and the sizes of the crush pillars were
4 m x 6 m (w:h = 2). These dimensions may not necessarily
be realistic when compared to actual layouts, but were
assumed in order to illustrate the behavior of the crush pillar
model.

Evaluation of a limit equilibrium model to simulate crush pillar behaviour
J
o
u
r
n
a
l

P
a
p
e
r

The Journal of The Southern African Institute of Mining and Metallurgy VOLUME 111                                       DECEMBER  2011 881 ▲

Figure 12—Effect of element size (square single collocation point
elements) on simulated residual APS of a 10 m wide pillar (Figure 9).
The 2 m element size (red square) was excluded from the trend line
calculation (see discussion in text)

Figure 13—Example of the tessellation of triangular elements used for
the pillar shown in Figure 9

Figure 14—Effect of element size (triangular single collocation point
elements) on the simulated residual APS of a 10 m wide pillar (Figure 9)
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The parameters used for the simulations are shown in
Table II. Note that these values were chosen arbitrarily and
that a better calibration of this model based on underground
measurements will be required in future.

For the first simulation, the pillars were not allowed to
crush and were simulated as ‘rigid’ pillars in an elastic rock
mass. Figure 16 illustrates the expected increase in pillar
stress as the pillars move into the back area. The run was
repeated using the crush pillar model, and Figure 17
illustrates the APS values on three of the pillars (D,E, and F )
as a function of mining step. Note that the pillar stress
gradually increases as the mining faces approach. For the
chosen parameters, the peak APS value is achieved during
the mining step when the pillars are formed. The pillar then
crushes completely during the next mining step and the
residual APS is maintained thereafter. For the crush pillar
model, the peak stress on the pillars (≈ 56 MPa) is far less
than for the pillars that are not allowed to fail (≈ 130 MPa).

Figure 18 illustrates the stress profile along section aa’
(Figure 15) for pillar D. After step 1, the pillar is still part of
the abutment of the first panel. It can be seen from the stress
profile that some crushing of this abutment has already

occurred and the peak stress value is located approximately
1.25 m inside the rock. This stress peak gradually moves
deeper into the rock as can be seen for the profile of step 4.
During step 5 the pillar is formed and the profile becomes
nearly symmetrical. During the next step, the stress increase
causes complete failure of the core and the residual stress
profile is assumed. 

▲
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Figure 15—Idealized crush pillar layout simulated in the TEXAN code

Table II

Parameters used for the crush pillar simulation

General parameters Value

Young’s modules 70 GPa
Poisson’s ratio 0.25
Stress gradient 0.03 MPa/m
Depth 600 m
Reef dip 0°

Crush model parameters Value

Intact cohesion C0 5 MPa
Residual cohesion C 5 MPa
Intact slope m0 5
Residual slope m 3
Bounding friction angle 35°
Seam height 2 m
Seam stiffness modulus 106 MPa/m

Figure 17—Simulated pillar stress if the pillars are allowed to crush
(limit equilibrium model)

Figure 16—Simulated pillar stress if the pillars are not allowed to crush
(‘rigid’ pillars)

Figure 18—Simulated stress profile for pillar D along section aa’ (see
Figure 15) for the different mining steps



Effect of oversized pillars

A problem endemic to crush pillar layouts is the poor cutting
of the pillars, and this frequently results in oversized pillars
being present in these layouts. The larger pillars do not
always crush in a stable manner and may fail violently in the
back areas. The idealized crush pillar layout simulated above
was used to investigate the effect of an oversized crush pillar.
The geometry simulated was identical to that shown in 
Figure 15 except that pillar D was increased in size to a 6 m x
6 m pillar (w:h = 3). The modified geometry is shown in
Figure 19.

The simulated stress values for pillar D (6 m x 6 m) are
shown in Figure 20 and compared to the smaller pillar (4 m x
6 m) of the first simulation. Note that the APS value of the
larger pillar is 73 MPa after step 8. This is much larger than
the 49 MPa simulated for the 4 m x 6 m pillar. Figure 21

illustrates the stress profile along section bb’ (see Figure 19)
for pillar D. Note that the core of the pillar is still intact and
this may lead to violent failure in the back area if the pillar
becomes more highly stressed. As part of future studies, it is
planned to investigate the failure of these oversized pillars in
the back areas of stopes after more mining steps have
occurred. Some preliminary work regarding possible ‘pillar
bursting’ after a number of mining steps has already been
described in Malan and Napier10.

Stope closure as a diagnostic tool in crush pillar
layouts

Currently there is no simple method to determine whether
crush pillars are behaving according to expectations. For rock
engineers, it is important to determine whether these pillars
are fully crushed close to the face or not. Some information
can be obtained by drilling holes through the pillars and
using borehole cameras, but this is tedious and will be
difficult to implement on a mine-wide scale. Stress
measurements in the core of the pillars will be ideal, but this
is not practical owing to the high cost involved and the
difficulties with rock stress measurements in general. An
alternative option may be to monitor stope closure, as there
appears to be distinct differences in closure behaviour
between panels using stable pillars and those using correctly
designed crush pillars. To illustrate this behaviour, the
closure at a distance of 5 m from pillar D in the first mining
panel (point P in Figure 19) is plotted in Figure 22. It is clear
that a noticeable increase in closure is observed if the pillars
are allowed to crush compared to a stable pillar layout. Also
of interest is that the oversized pillar in Figure 19 led to a
reduction in closure behavior compared to a pillar that
crushes normally in this area.

Experimental stope closure in a crush pillar layout

Experimental data collected by the authors in a crush pillar
layout is examined in this section to further investigate the
potential of using closure as a diagnostic tool in crush pillar
layouts. Down-dip mining was employed at the experimental
site on the Merensky Reef (Figure 23). The mining configu-
ration left behind 3.5 m x 2 m crush pillars along dip.  Some
of these pillars did not appear to be crushing completely.
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Figure 19—Geometry used to simulate the effect of an oversized crush

Figure 20—Comparison of the APS value on pillar D for the two pillar
sizes. Except for this difference in size, all other model parameters
were identical. Note that the 6 m x 6 m pillar does not crush to the
same extent as the 4 m x 6 m pillar

Figure 21—Stress profile along section bb’ (Figure 19) for the oversized
pillar D after mining step 8
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The footwall exposed in the gully to the southeast
(downdip side) was a fine-grained grey norite. The Merensky
Reef consists of a coarse-grained feldspathic pyroxenite
overlain by a medium- to coarse-grained norite, often with
euhedral, brown pyroxene grains. It was reported that the
Merensky Reef was potholed adjacent to this area, resulting
in adverse ground conditions. None of these effects were,
however, seen within the experimental panel. In addition, no
large-scale structural features, such as dykes or faults, were
observed within the panel. The geological contribution to the
rock mass behaviour in this vicinity is restricted to joint sets.
Figures 24 and 25 are photographs of the experimental panel,
showing the rock mass conditions around the closure-ride
and closure meters.

The typical closure behaviour in the experimental site is
presented below. Data from the closure-ride stations is given
in Figure 26. Note that, contrary to measurements in other
sites monitored by the authors, the highest rate of closure
was not measured in the centre of the panel, but next to the
crush pillar. This behaviour is caused by the crushing of the

pillar and the presence of a mined panel on the other side of
the row of pillars. In this particular case, the closure appears
to serve as a useful indicator of the correct pillar behaviour.
Oversized pillars would not yield and deform, resulting in
lower rates of closure next to the pillar compared to the
middle of the panel. At this particular site, the closure also
displayed a significant time-dependent component as shown
in Figure 27.

It is hypothesized that the time-dependent closure
component at the experimental site was caused by the time-
dependent crushing of the pillars as they gradually move into
the back area. No movement of discontinuities in the
hangingwall could be identified that may have contributed to
this time-dependent closure. In the absence of blasting, the
time-dependent closure gradually decreased with time. If the
hypothesis is correct, the stope closure behaviour as
monitored during multiple advances may be a useful
indicator of stable pillar crushing. A decrease in closure rate

▲
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Figure 22—Simulated increase in closure at point P (see Figure 19) as a
function of mining step

Figure 23—Plan showing the extent of mining in the immediate vicinity
of an experimental area where the behaviour of the crush pillars was
examined. The position of the in-panel instrumentation is also indicated

Figure 24—(a) Hangingwall conditions around closure station 1 (closest
to pillar) and (b) closure station 2 (centre of panel). In both cases the
abundant low-angle discontinuities are dipping towards the face. The
low-angle discontinuities terminate against steeper-dipping geological
features

Figure 25—(a) and (b) Views along the sidewall of the crush pillar
looking towards the face

Figure 26—Closure data recorded using the closure-ride stations.
Station 1 is next to the crush pillar. A peg of station 2 was lost and the
data from this station is therefore not shown on this graph. The rate of
closure varied from 0.66 mm/day to 0.98 mm/day

(a) (b)

(a) (b)



and time-dependent closure may imply that the pillars are
oversized and may increase the likelihood of seismicity as
they move into the back area. Care should nevertheless be
exercised when using absolute closure magnitude as an
indicator of pillar crushing, as increasing closure rates may
also be associated with unexpected unravelling of the
hanging wall.

Neither the limit equilibrium model nor the enhanced
model presented by Salamon11 can replicate the time-
dependent closure behavior described above. Further work
using the limit equilibrium model will therefore be focused on
enhancing the model to include this component. A trial
mining site using crush pillars is also being planned at a
Lonmin mine, and the limit equilibrium model will be used to
guide the planning of this experimental site and the type of
monitoring required. Continuous closure measurements and
drilling into the pillars to determine the depth of failure will
be part of this monitoring programme.

Conclusions

This paper describes the evaluation of a simple limit
equilibrium model to simulate the behaviour of crush pillars
in platinum mines. The model is currently available as a
constitutive code in the TEXAN boundary element program.
For the evaluation in this paper, an analytical model was
used to calculate the residual APS values of the crush pillars.
The values predicted by this model were compared to the
numerical values obtained from the TEXAN simulations.
Good agreement was obtained between the two models, and
this serves as a useful validation of the model implemented
in the numerical code. In general, the limit equilibrium model
appears to be very attractive for simulating pillar failure, as
the gradual crushing of the outside of the pillar and the
transfer of stress to the intact core can be replicated.

The value of the TEXAN crush pillar model was further
demonstrated by simulating an idealized layout with crush
pillars between two adjacent panels. The simulations
illustrated that oversized pillars will not crush close to the
face and this may lead to seismic failure in the back area.

The study highlighted a key attribute of the limit
equilibrium models: the pillar stresses increase in an
exponential fashion towards the centre of the pillar. This may
lead to the formation of unduly high stresses in the core of
wide pillars, and the magnitude of these stresses may become
sufficiently high to cause failure in the hangingwall or

footwall. The treatment of off-reef foundation failure can be
simulated by allowing shear failure surfaces to grow at the
edges of designated pillars. This feature of the TEXAN
program will be evaluated in future studies.

An important finding of the study is that closure
measurements may prove to be a very valuable diagnostic
measure in crush pillars layouts. Distinct differences in
magnitudes of closure were simulated for a scenario where
the pillars crush as expected, compared to the scenario where
an oversized pillar is left. Experimental closure data collected
in a crush pillar stope provided further evidence regarding
the value of closure measurements in these layouts.

As a next step, improved calibration of the limit
equilibrium model using underground data from crush pillar
sites is required. A trial mining site using crush pillars is also
being planned, and the limit equilibrium model will be used
to guide the planning of this experimental site and the type of
monitoring that is required.
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Figure 27—Typical closure recorded by one of the clockwork closure
meters (no. 1). Note the presence of a prominent time-dependent
closure component




