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INTRODUCTION
The macroscopic elastic moduli of a porous 
medium depend essentially on the porosity 
and the structure of the pores, along with a 
nearly trivial multiplicative dependence on 
the moduli of the non-porous host mate-
rial. Methods for estimating the elastic 
moduli directly from images of the material 
would clearly be of great value compared 
to time-consuming and expensive experi-
mental measurements. Numerous methods 
have been proposed to relate these micro-
scopic elastic parameters that would occur 
in the “isolated pore or small porosity” 
limit to finite porosity limts (Christensen 
1990; Zimmerman 1991; Grimvall 1999). 
However, no single method has gained 
universal acceptance.

Image analysis is a powerful tool, 
which is now widely used in several fields, 
including in engineering and medicine 
(Chermant 2001; Chermant et al 2001; 
Mouret et al 2001). In the recent past this 
technique has been successfully used in 
modelling the mechanical and transport 
properties of porous and inhomogeneous 
materials. Yue et al (2003) used the image 
analysis technique, together with the finite 
element method, to model asphalt con-
crete under different loading conditions. 
Chen et al (2004) used image analysis to 
aid in the prediction of inhomogeneous 
rock failure. Coster and Chermant (2001) 
discussed in detail how the technique 
can be incorporated into the modelling 
of civil engineering materials. Lock et al 

(2002) used information about rock pores 
obtained from image analysis of electron 
micrographs to predict the permeability of 
sandstones. In this paper, actual pore space 
images are used to study the relationship 
between the effective elastic properties and 
pore geometry. Image analysis is conducted 
to extract the pore geometry information, 
such as the perimeter and the area, from 
the pore images. The shearability para
meter and compressiblity parameter of the 
pores are estimated either by performing 
boundary element calculations, or using 
scaling laws. The differential effective 
medium theory is used to (approximately) 
account for the elastic interactions between 
nearby pores. This methodology is applied 
to Fontainebleau and Berea sandstones.The 
shear moduli and bulk moduli prediction 
are then compared with published experi-
mental data.

PORE SHEARABILITY 
PARAMETER
The excess strain, Δε, due to an inhomoge-
neity in a homogeneous medium subjected 
to a far-field stress σ∞, is expressed in terms 
of the fourth-order H tensor, as follows:

∆ε = H: σ∞� (1)

Where: the colon denotes the tensor 
inner product (Sevostianov et al 2008; 
Sevostianov & Kachanov 2002; Prokopiev & 
Sevostianov 2007).

Estimating elastic 
moduli of sandstones 
using two-dimensional 
pore space images
T C Ekneligoda

The elastic moduli (shear modulus and bulk modulus) of two different sandstones are estimated 
from two-dimensional images of the pore space. An image analysis technique was used to 
extract the area and perimeter of each pore. The shearablity and compressibility of each pore 
were calculated using the boundary element method and a perimeter-area scaling law. The 
effective shear modulus and bulk modulus of the rock were then estimated using the area-
weighted mean pore shearablity, pore compressiblity and the differential effective medium 
theory. The method was applied to Fontainebleau and Berea sandstones. Comparison with 
experimental values of the shear moduli and bulk moduli showed good agreement.
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For example, H1212
 
connects the excess 

shear strain Δε12
 
to the applied remote 

shear stress σ∞
12. For ellipsoidal pores, 

or special cases thereof, the H tensor can 
be expressed in terms of the Eshelby ten-
sor, of which the components are known 
(Eshelby1957; Wu 1966).

The H1212 component can be written 
to combine the effective shear modulus 
(G), as in Equation 2 (Ekneligoda & 
Zimmerman 2008). A similar relationship 
can be found (Drach et al 2011) which 
was used to evaluate the contribution 
of irregularly shaped three-dimensional 
pores to the overall elastic properties 
of carbon/carbon composites. Drach 
et al (2014) used a similar relationship 
to predict the effective elastic moduli of 
materials with irregularly shaped pores, 
based on the pore projected areas.

1

Geff
 = 

1

Go
 + 2H1212� (2)

Where: Go is the shear modulus of non-
porous or host material. Using the notation 
H1212 = φSpc (φ being porosity) hereafter, 
we use the term shearablity to denote Spc.

For two dimensions, pores of a wide 
variety of shapes can be treated using 
the complex variable methods developed 
by Muskhelishvili (1963). For example, 
Ekneligoda and Zimmerman (2008) used 
this method to study the H1212 of several 
quasi-polygonal pores, and other pores 
with N-fold axes of rotational symmetry. 
Their results showed that H1212 for a plain 
strain condition, when the pore has N-fold 
rotational symmetry of order N = 3, 5, 6, 
etc, can be expressed as Equation 3 (note 
that N cannot be equal to 4).

H1212 = 
(κ + 1)φ

2Go[1 – m1
2(n – 2)](1 – m1

2n)
� (3)

Where: m1 and n are the terms in the map-
ping function that conformally map the 
unit circle into the desired shape.

Detailed disucssion about the limit-
ing value of m1 and n is presented by 
Ekneligoda and Zimmerman (2008) – k is 
3 – v for plain stress, G is the shear modu-
lus and v is the Poisson’s ratio.

Ekneligoda and Zimmerman 
(2008) explicitly analysed the fourfold 
(N = 4 = (n + 1)) condition. Under this 
condition an additional energy term arises. 
Their results showed that H1212 for such 

pores that have fourfold (N = 4) can be 
expressed as:

H1212 = �
(κ + 1)φ

2Go[1 – m1
2(n – 2)](1 – m1

2n)
  

(1 – m1 cos 4θ)� (4)

Where: the angle θ is the anti-clockwise 
angle by which the stress state τxy = τyx = τ 
is rotated.

However, the use of complex variable 
methods to analyse the shearability para
meter of an irregular pore that might be 
observed in a rock image is not practical, 
due to the fact that tens of thousands of 
terms would typically be needed in the 
mapping function that conformally maps 
the unit circle into the desired pore shape. 
Hence, it is important to find other, simpler 
methods to estimate the pore shearability.

One approach is to solve the equations 
of elasticity in the region outside of the 
pore using a numerical method such as 
the boundary element method (BEM). The 
boundary element calculations showed 
that, for irregular pores having no axis 
of symmetry, H1212 always varies with 
cos 4θ, aside from some phase shift in the 
angle. One particular example is shown 
in Figure 1, for a pore in Berea sandstone. 
This result can be explained as follows:

Anti-clockwise rotation of the farfield 
shear stresses by 90° is equivalent to 
changing the sign of the stresses, since, for 
example, the component τxy = τ that points 
in the positive y-direction gets rotated into 
a component τxy = –τ that points in the 
negative x-direction. But the strain energy 
is a quadratic form in the stresses, so mul-
tiplying the stresses by –1 cannot change 
the energy, and so cannot change H1212. 
Hence, H1212 can only vary with angle 
according to cos4θ, cos8θ, etc. Allowing for 
a possible phase shift, the term that varies 
trigonometrically with 4θ would also yield 
a sin4θ term, etc. But the transformation 
law for fourth-order tensors contains only 
trigonometric terms such as sin(kθ) or 
cos(kθ), where k cannot exceed 4 (Eroshkin 
& Tsukrov 2005). Hence, the only angular-
dependent terms that can appear in H1212 
are those containing cos4θ and sin4θ, 
or, equivalently cos(δ + 4θ), where the 
constant δ represents the phase shift. 
Alternatively, by retracing the steps that are 
involved in complex variable formulation, 
one can show that in the general case of an 
arbitrary number of terms in the mapping 
function, the angle θ enters the integral 
that expresses the excess energy only in 
the form of e4iθ. Hence, a cos(δ + 4θ) term 
should be expected to appear, but vanishes 
when the pore has N-fold rotational sym-
metry of order N = 3, 5, 6, etc.
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Figure 1 �Variation of normalised shear compliance GH1212/(1 – v)φ for a pore from Berea sandstone, 
from Lock et al (2002); the angle θ is the anti-clockwise angle by which the stress state 
τxy = τyx = τ is rotated (Spc = H1212/φ)
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In principle, the BEM method can be used 
to treat this problem. It would be simpler if 
the shearability parameter could be deter-
mined by geometric attributes of a pore shape. 
Ekneligoda and Zimmerman (2008) proposed 
the following scaling law to determine the 
shearablity parameter of irregular pores:

Spc = 
GH1212

2(1 – v)φ  = 1 + 
1
2

 
⎡
⎢
⎣

P2

2πA
⎡
⎢
⎣
� (5)

Where: P is the perimeter of the pore, A is 
its area, G is the shear modulus of the non-
porous rock material, φ is the porosity and 
ν is the Poisson’s ratio of the rock material.

PORE COMPRESSIBILITY
An important and conceptually simple 
parameter for use in discussing the elastic 
properties of porous media is the pore 
compressibility parameter, which can be 
defined as follows (Zimmerman 1991):

Cpc = 
–1

Vp

⎧
⎪
⎩

∂Vp

дPc

⎧
⎪
⎩P
� (6)

Where: Vp is the initial pore volume, Pc is 
the external hydrostatic confining pressure, 
and Vp is the pressure of the pore fluid, 
which is held constant when taking the 
derivative described in Equation 6. The 
subscripts “p” and “c” refer to the com-
pressibility of the pore with respect to the 
confining pressure.

The pore compressibility is of great impor-
tance in petroleum engineering, where it is 
used, for example, in material balance cal-
culations. But it is also important because 
the effective macroscopic compressibility 
Ceff  can be related (exactly) to the pore 
compressibility through the relation:

Ceff  = Co + φCPC� (7)

Where: Co is the compressibility of the 
non-porous rock material, and φ is the 
porosity.

The effective macroscopic bulk modulus 
Keff  is given, by definition, by Keff = 1/Ceff.

In principle, the pore compressibility 
that appears in Equation 7 must refer to 
the entire pore space of the rock. But when 
attempting to relate the elastic proper-
ties of the rock to the pore structure, it is 
traditional, and convenient, to study each 
individual pore in isolation. Specifically, 
the compressibility of each “pore” can be 

studied by considering the problem of an 
isolated pore in an infinite elastic solid. 
However, the overall compressibility of the 
entire pore space is not necessarily equal 
to the weighted average of the individual 
pore compressibility, which is calculated as 
if no other pores were present. This issue is 
discussed further in the next section.

The pore compressibility can be calcu-
lated for a pore of a given shape by solving 
the elasticity problem of an isolated pore in 
an infinite elastic solid. In three dimensions, 
this can be done analytically only for pores of 
the ellipsoidal family, which includes spher-
oids, spheres, cylinders, and thin “penny-
shaped” cracks. The pore compressibility of 
these shapes is essentially contained in the 
famous solution of Eshelby (1957). All other 
three-dimensional shapes require numerical 
solution (Burnley & Schmidt 2006). However, 
in two dimensions, pores of a wide variety of 
shapes can be treated using the complex vari-
able methods developed by Muskhelishvili 
(1963). For example, Ekneligoda and 
Zimmerman (2006) used this method to 
study the compressibility of several quasi-
polygonal pores, and other pores with n-fold 
axes of rotational symmetry.

Nevertheless, use of complex variable 
methods to analyse the compressibility 
of an irregular pore, such as might be 
observed in a rock image, is not practical, 
due to the fact that tens of thousands of 
terms would typically be needed in the 
mapping function that conformally maps 
the unit circle into the desired pore shape 
(Sisavath et al 2001). Hence, we must find 
other methods to estimate the pore com-
pressibility. One approach is to solve the 
equations of elasticity in the region outside 
of the pore using a numerical method, such 
as the boundary element method (BEM). 
Although the boundary element method 
can in principle be used to compute the 
compressibility of a pore of any shape, it 
would be simpler if the pore compressibil-
ity could be calculated from some simple 
geometric attributes of the pore shape, 
without requiring elaborate analytical or 
numerical calculations. Such a capability 
would be useful in attempting to establish a 
simple technique to estimate elastic moduli 
from images of heterogeneous media.

One approach to do this is the fol-
lowing scaling law that was proposed by 
Zimmerman (1986) for two-dimensional 
pores in plane-strain conditions:

CPC =~ 
2(1 – v)

G  

P2

4πA
� (8)

Where: P is the perimeter of the pore, A is 
its area, G is the shear modulus of the non-
porous rock material, and ν is the Poisson 
ratio of the rock material.

This equation was “derived” by starting with 
the fact that an isolated circular pore has 
a compressibility of Cpc=(1-v)/2G and then 
assuming that Cpc scales with the dimen-
sionless ratio of perimeter-squared over 
area. The factor of 4π is needed to make the 
equation exact in the case of a circle.

Tsukrov and Novak (2002) tested this 
equation on a single, irregularly-shaped pore, 
and found that it was in error by only 8%. 
Ekneligoda and Zimmerman (2006) tested it 
for a variety of polygons and quasi-polygons, 
and found that the error was typically less 
than 10%, and never more than 21%.

Ekneligoda and Zimmerman (2006) 
showed that Cpc is always proportional to 
(1 − ν)/G, with an additional dimensionless 
multiplicative factor that depends only on 
the pore shape. This factor can therefore 
depend on pore “shape” only through 
dimensionless parameters, such as P2/A. 
However, this dependence is not necessarily 
linear, as is hypothesised in Equation 8.

Noting that the two-dimensional, plane-
strain compressibility is related to G and ν 
by Co = (1 –2ν)/G, the proposed scaling law 
can also be written as:

CPC

Co
 = 

2(1 – v)

(1 – 2v) 

P2

4πA
� (9)

EFFECTIVE SHEAR MODULUS 
AND BULK MODULUS
Consider Equation 2, with the Spc term 
interpreted as pertaining to an isolated 
pore. We use the terms Seff  and So to repre-
sent Geff  and Go respectively. If we consider 
the thought experiment of inserting a small 
differential amount of pores into the non-
porous rock, then one can say:

Seff (δφ) = So + SPCδφ� (10)

A similar relationship can be built for pore 
compressibility as presented in Equation 11.

Ceff (δφ) = Co + CPCδφ� (11)

Noting that So is the effective shearability 
when the porosity is zero, one can convert 
Equation 10 into the following differential 
equation:



Journal of the South African Institution of Civil Engineering  Volume 61  Number 3  September 2019 61

1

Seff  

dSeff

dφ
 = 

SPC

Seff
� (12)

Equation 12 can be used to model the 
evolution of the shearability, as additional 
pores are added into the rock, with the 
initial condition that Seff = So when φ = 0.

Finally, it can be shown that Equation 12 
can be simplified to Equation 13 with the 
reasonable assumption that Spc to the host 
material Seff is constant with the addition 
of new pores. In this case, its value must 
be equal to the value it had in the isolated 
pore, zero-porosity limit. We call this value 
So

pc/So, with the superscript “o” used to 
denote the zero-porosity limit.

Seff

So
 = exp φ 

⎡
⎢
⎣

So
PC

So

⎡
⎢
⎣
� (13)

Following the similar argument, the vari-
ation of compressibility parameter can be 
expressed as:

Ceff

Co
 = exp φ 

⎡
⎢
⎣

Co
PC

Co

⎡
⎢
⎣
� (14)

In the above scheme it was implicitly 
assumed that, as new pores with incremental 
porosity δφ are placed into the material, the 
total porosity is increased by δφ. But Norris 
(1985) and others have pointed out that, if 
these additional pores are imagined to be 
randomly placed in the rock, they will replace 
solid material with probability 1 − φ, and 
replace existing pores with probability φ. 
Hence, the increment in total porosity will 
be δφ/(1 − φ). If we replace δφ in Equation 13 
with δφ/(1 − φ), this has the effect of trans-
forming Equation 13 into Equation 15:

Seff

So
 = (1 – φ) 

–SPC
So � (15)

In terms of the effective shear modulus, 
Equation 15 takes the form:

Geff

Go
 = (1 – φ) 

SPC
So � (16)

Following the simailar approach the relation-
ship for bulk modulus can be expressed as:

Keff

Ko
 = (1 – φ) 

CPC
Co � (17)

This is the same form, (1 – φ)m, that has 
often been proposed empirically to model 
the elastic moduli of porous ceramics (Rice 
1998), but the present derivation assigns a 

physical interpretation to the exponent m. 
All that remains is to estimate the value of 
the shearablity and compressiblity para
meters, which depend on pore shape.

IMAGE ANALYSIS AND 
NUMERICAL CALCULATION 
TO DETERMINE THE PORE 
SHEARABILITY AND PORE 
COMPRESSIBILITY
We start with a scanning electron micro-
graph (SEM) image of a region of rock 
surface. Figure 2(a) shows such an image for 
a Berea sandstone, taken from Schlueter et 
al (1997). The dark grey regions are quartz 
grains. The pore space is impregnated with 

Wood’s metal (white) and epoxy (black), and 
the light grey regions are clays and other 
minerals. This helped to identify the total 
pore space. This image was initially taken 
for a study of two-phase flow properties, but 
for the present purposes the only important 
distinction to be made is between pores and 
minerals. The size of the original image in 
Figure 2(a) is 375 × 250 μm.

The image analysis software packages 
Idrisi and Carta-Linx are used to extract 
the pores from the images, and compute 
their associated properties, such as area 
and perimeter. As the first step the original 
image is enhanced, using 4 × 4 kernel with 
mode filtering, to arrive at Figure 2(b). 
Then, based on the histogram of colour 

(a) Original image (c) Binary image(b) Enhanced image (d) Vector image

Figure 2 Image analysis procedure for Berea sandstone
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Final boundary 
coordinate 
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Boundary 
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line segments 

removal
Manual operation

Based on the error 
analysis of the final 

image

Figure 3 Schematic flowchart of the image analysis process
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distribution, a binary image was created 
to separate the pores from the minerals, 
as shown in Figure 2(c). As an intermedi-
ate step, smaller features of size less than 
8 μm2 were eliminated, using a histogram 
of pore areas. These features may simply be 
artifacts of the image analysis procedure, 
or may indeed be small pores. With regard 
to the latter possibility, we note that these 
smaller pores contribute only 2.5% to the 
total porosity of the analysed section. 
Finally, a vector image is created in which 
the boundary of each pore is associated 
with a numerical (x,y) coordinate pair, as 
shown in Figure 2(d).

To remove artificially introduced wavi-
ness in the pore boundary, the vector image 
was exported to another image analysis soft-
ware, Carta-Linx. Smoothing was carried 
out using the option called “generalisation”, 
based on the individual perimeter values of 
the pores. This is permissible, as waviness 
with small amplitudes does not contribute 
any additional stiffness to the pore. The 

entire process of image analysis can be sum-
marised as presented in Figure 3.

Images of two Fontainebleau sandstone 
samples, having porosities of 12% and 25%, 
are shown in Figures 4 and 5. These images 
illustrate the fact that essentially any two-
dimensional pore image can be used as a 
starting point for the procedure, as long as the 
pores can be distinguished from the minerals.

The image analysis procedure described 
above was applied to the Fontainebleau 
sandstone samples shown in Figures 4 and 5.

The boundary element method is then 
used to calculate So

pc and C o
pc numerically, 

assuming each pore to be isolated in an 
infinite rock matrix. The average value of 
Spc is determined after the full rotation of 
stress as represented in Figure 1 (i.e θ was 
varied from 0° to 360° at steps of 10°). The 

calculations are performed using the code 
developed by Martel and Muller (2000).

In the calculations of C o
pc, all farfield 

stresses and body forces are set to zero. A 
uniform normal traction of unit magnitude 
is prescribed over the surface of the hole 
to determine the area change of the single 
pore. The cavity boundary is discretised into 
a number of equal-length elements. We gen-
erally found that roughly 300 boundary ele-
ments are sufficient to achieve convergence 
of the computed compressibilities.

RESULTS

Berea sandstone
The area and perimeter of each individual 
pore from the Berea sandstone image in 

Figure 4 �Image of a region of Fontainebleau 
sandstone (from Colón et al 2004) – 
darker regions are pores; total 
porosity of this sample is 12%

Figure 5 �Image of a region of Fontainebleau 
sandstone – horizontal bar has a 
length of 500 μm, darker regions are 
pores, and lighter regions are grains; 
the porosity of this sample is 25% 
(Holmes & Packer 2004)

Table 1 �Normalised pore shear compliances of the 14 largest pores from Figure 2(a) – the largest 
pore analysed in the section had an area of 12 476 μm2 and a perimeter of 728 μm; only 
two pores gave an error percentage larger than 10% 

Perimeter (μm) Area (μm2) GSpc/(1 – v) (BEM) GSpc/(1 – v) (Eq 3) Error of (Eq 3) %

293 4 369 2.51 2.56 1.99

433 6 568 3.04 3.27 7.56

475 9 080 3.02 2.98 1.32

251 3 709 2.39 2.36 1.26

621 12 510 3.24 3.45 6.48

331 3 025 4.34 3.88 10.59

259 3 734 2.45 2.34 4.49

728 12 476 3.79 4.38 15.57

240 2 803 2.82 2.64 6.38

323 3 637 3.15 3.28 4.12

173 1 879 2.24 2.27 1.33

210 2 657 2.39 2.32 3.02

326 4 889 2.83 2.73 3.53

157 1 282 2.66 2.52 5.26

Table 2 �Normalised pore compressibilities of the 14 largest pores from Figure 2

Perimeter (μm) Area (μm2) GCpc/(1 – v) (BEM) GCpc/(1 – v) (Eq 5) Error of (Eq 5) %

293 4 369 2.58 3.12 21

475 9 080 3.39 3.96 17

251 3 709 2.50 2.71 8

621 12 510 3.99 4.90 23

331 3 025 5.93 5.76 3

259 3 734 2.63 2.87 9

728 12 476 6.03 6.76 12

240 2 803 3.33 3.27 2

173 3 637 2.44 2.54 4

210 1 879 2.61 2.65 2

326 2 657 3.29 3.46 5

309 4 889 4.56 5.15 13

157 1 282 3.10 3.04 2
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Figure 2(a) are shown in Table 1, along with 
the pore shearablity that is calculated by the 
boundary element method (BEM), and esti-
mated from scaling law (Equation 3). The 
same information is also plotted in Figure 6. 
Table 2 summarises the pore compressibility 
parameter derived based on scaling law and 
the boundary element method. Figure 7 
illustrates the compressibility parameter 
derived by scaling law and boundary ele-
ment methods. The maximum shearablity 
parameter is 4.4 and the maximum com-
pressiblity parameter becomes 6.8 in the 
analysed Berea sandstone section.

The largest pore analysed in the section 
had an area of 12 476 μm2 and a perimeter 
of 728 μm. Only two pores gaves an error 
percentage larger than 10%.

The maximum error percentage was 
given by the largest pore in the analysed 
section which had an area of 12 509 μm2 
and a perimeter of 621 μm. However, the 
error percentage of the shearablity of the 
same pore is 6.48. The pore that resulted 
in the second-highest error percentage of 
shearablity, however, gave only 3% error in 
compressiblity parameter.

The porosity of the Berea sandstone in 
Figure 2(a) is 0.22, so Equation 16 gives an 
effective shear modulus of 14.5 GPa. The 
mean value of GoSpc/(1 – νo), as calculated 
using the scaling law, is 3.53, in which 
case the calculation procedure yields 
Geff  = 13.0 GPa. These compare very well 
with the high-stress effective shear modu-
lus of 14.1 GPa measured by King (1966).

The area-weighted mean value of 
the normalised pore compressibility 
GoCpc/‌(1 – νo), as calculated by the BEM, 
is 3.96. The elastic moduli of the mineral 
phase of Berea, as reported in Zimmerman 
(1991) are Go = 31.34 GPa, Ko = 39.75 GPa, 
and νo = 0.188. Hence, we see that 
C o

pc/‌Co = 4.58. The porosity of Berea 
sandstone is 0.22, so Equation (17) gives an 
effective bulk modulus of 13.0 GPa. The 
mean value of GoCpc/(1 – νo), as calculated 
by the scaling law, is 4.44, in which case 
the analogous calculation procedure 
yields Keff  = 11.1 GPa. These values are 
both reasonably close to the experimental 
value, measured at high stresses when all 
microcracks are closed, which is 9.6 GPa 
(Zimmerman 1991).

Fontainebleau sandstone
The area-weighted pore shearability of the 
sample with φ = 12% (Figure 4) is found to 
be GoSpc/(1 – νo) = 2.58 according to the 
BEM calculations, and 3.50 according to 
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Figure 6 �Test of shear compliance scaling law (Equation 3) for the Berea sandstone pores shown 
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the scaling law. For the φ = 25% sample 
(Figure 5) these values were 3.33 and 3.48 
respectively. The comparsion of pore 
shearability parameters of individual pores 
for porosity 25% sample determined using 
the scaling law and the numerical method 
is presented in Figure 8. Interestingly, the 
pore shearability values do not seem to 
vary very much with porosity.

The value computed for the 25% 
porosity sample is used in the following 
calculations: The elastic moduli of the 
mineral phase of Fontainebleau sandstone, 
which is essentially pure quartz, are 
Go = 44 GPa, Ko = 37  GPa and νo = 0.074 
(Arns et al 2002). It is already stated 
that Spc/So = 3.33 according to the BEM 
calculations, and Spc/So = 3.48 using 
the scaling law. Finally, Equation (16) 
yields the following prediction for the 
effective shear modulus, when the pore 
shear compliance is calculated by BEM: 
Geff (GPa) = 44.0(1 – φ)3.33 and according 
to scaling law Geff (GPa) = 44.0(1 – φ)3.48.

These two effective shear modulus pre-
dictions are shown in Figure 9, where they 
are compared to the experimental values 
reported by Arns et al (2002), and to the 
three predictions made by Prokopiev and 
Sevostianov (2007). As was the case for the 
bulk modulus, the present method gives 
very good predictions over the entire range 
of data. Note that the values predicted 
by the finite element calculations (FEM) 
of Arns et al (2002) are indistinguishable 
from the predictions of Equaton (16), in 
which the individual pore compliances 
were found from BEM calculations, and the 
differential effective medium method was 
used to extrapolate from the low-porosity 
limit out to higher porosities.

The same image analysis procedure 
as was described above for Berea is then 
applied to the Fontainebleau images. The 
area-weighted pore compressibility of 
the sample with φ  = 12% is found to be 
GoCpc/‌(1 – νo)  = 3.81 according to the BEM 
calculations, and 5.02 according to the 
scaling law. For the φ  = 25% sample, these 
values were 3.84 and 4.97 respectively. 
Interestingly, the pore compressibility 
values do not seem to vary much with 
porosity; we will use the values computed 
for the 12% porosity sample in the fol-
lowing calculations. The elastic moduli 
of the mineral phase of Fontainebleau, 
which is essentially pure quartz, are (Arns 
et al 2002) Go = 44 GPa, Ko = 37 GPa and 
νo = 0.074. Hence, we find C o

pc/C o = 2.97 
according to the BEM calculations, and 
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C o
pc/C o = 3.84 using the scaling law. 

Finally, Equation 17 yields:

Keff  = 37(1 – φ)2.97

when the pore compressibilities are calcu-
lated from the BEM, and

Keff  = 37(1 – φ)3.84

when the pore compressibilities are calcu-
lated from the scaling law, Equation 5.

The two effective moduli predictions are 
shown in Figure 10, compared with the 
experimental values reported by (Arns et 
al 2002). The data tends to fall between the 
two predictions, which could be interpret-
ed as implying that the BEM calculations 
underestimate the pore compressibility, 
whereas the scaling law overestimates 
slightly. We note also that “correcting” 
the scaling law, Equation 5, by the afore-
mentioned factor of 0.9 yields a curve that 
would lie between the two curves shown 
in Figure 10, and which would fit the data 
quite well.

CONCLUSIONS
We have used image analysis to extract 
two-dimensional pores from SEM images of 
Fontainebleau and Berea sandtones. It was 
also shown that the variation of shearablity 
parameter (Spc ~ H1212), involving θ only 
through terms such as cos4θ or sin4θ, also 
occurs for pores possessing no rotational 
symmetry similar to the pores that are found 
in Fontainebleau and Berea sandstones. The 
average shearability parameter and com-
pressibility parameters of each pore were 
then calculated using boundary elements, 
and also estimated from an area-perimeter 
scaling law. The area-weighted, mean pore 
shearability and pore compressibility were 
then used, in conjunction with the differen-
tial effective medium theory, to predict the 
macroscopic shear modulus and bulk modu-
lus. This study gave an explicit meaning to 
the exponential value of (1-porosity) that is 
generaly used as an experimental method in 
predicting elastic moduli.

The maximum error percentages asso-
ciated with boundary element calculation 
and scaling law calculation in shearablity 
and compressiblity parameters were 15.57 

and 21% for Berea sandstone. The variation 
of pore compressiblity from 12% porosity to 
22% porosity is less than 1% for the bound-
ary element calculation and scaling law for 
the analysed Fontainebleau sandstone. The 
resulting predictions are close to the shear 
moduli and bulk moduli values measured 
in the laboratory.

Our methodology therefore offers a 
promising and simple approach to relate 
the mechanical properties of porous geo-
logical materials to their pore structure, 
using only two-dimensional images.
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