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INTRODUCTION

The volume changes in concrete that take 

place during the hydration process and cool-

ing phase will cause tensile stress develop-

ment. The external and internal constraints 

often exist simultaneously and will limit the 

thermal strains corresponding to the tem-

perature changes. Therefore, critical thermal 

stresses may appear in the concrete members. 

The concrete has a relatively low tensile 

strength (compared to other building materi-

als) and is susceptible to cracking. Therefore, 

if thermal stresses exceed the tensile strength 

of concrete, they could cause visible crack-

ing in the concrete members. Hence, mass 

concrete structures such as concrete dams, 

nuclear reactor containments and bridges may 

be subject to thermal cracking due to thermal 

stresses. Thermal cracking can influence the 

durability and serviceability of concrete dams, 

and should therefore be studied in detail. 

Calculating the temperature and stress 

distribution is one of the most important 

considerations in solid mechanics. These 

phenomena have therefore been modelled by 

various numerical techniques, such as the 

finite difference method (FDM), the finite 

element method (FEM), the finite volume 

method (FVM), etc. Traditionally, solid body 

problems were addressed by the FEM. The 

FDM has, however, become one of the most 

popular methods in the area of computa-

tional fluid mechanics, and recently some 

problems in continuum mechanics have been 

solved successfully by FVM (Demirdžić et 
al 1993). The FDM is the oldest method and 

is based on the application of a local Taylor 

expansion to approximate the differential 

equations, which are truncated usually after 

one or two terms. The number of terms 

determine the accuracy of the solution 

(the more there are, the more accurate the 
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In this research, a 2D matrix-free Galerkin finite volume method on the unstructured meshes of 
triangular elements is utilised to compute thermal stress fields resulting from the predefined 
transient temperature distribution in a mass concrete structure (dam wall). In the developed 
numerical model, the convergence of the force equilibrium equations are achieved via some 
iterative solutions for each given computed temperature field. Since the mechanical properties 
of concrete may vary over time due to concrete ageing, the presented numerical model 
considers the variation of mechanical properties corresponding to the degree of concrete 
hydration and concrete temperature. In addition, the geometry of the dam wall and foundation 
is not considered integrated any longer, so the mechanical contact is considered at concrete-
rock foundation interface to achieve more realistic simulations of the strain-stress fields in this 
part. In this work we present the comparison of thermal stress analysis numerical results (of a 
clamped plane which is exposed to constant temperature) with the results of finite element-
based ALGOR software to assess the accuracy and efficiency of the developed model, and 
prove that the results correlate well. As an application of the developed model for a real-world 
problem, thermal stress analysis of a mass concrete structure which is gradually constructed on 
a natural foundation is performed with regard to variable mechanical properties.
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solution), but this is a complex matter (Yip 

2005). The FDM is suitable for structured 

grids associated with regular boundaries, and 

is not as accurate for complex geometries 

as the FVM is. However, for dealing with 

irregular boundaries, the use of unstructured 

meshes provides considerable flexibility and 

accuracy for modelling projects (Sabbagh–

Yazdi et al 2009). 

This is a potential bottleneck of the FDM 

when hand ling complex geometries in mul-

tiple dimensions. The issue motivated the use 

of an integral form of the governing equations 

(PDE), and subsequently the development of 

the FEM and FVM (Yip 2005). Both methods 

have surpassed the FDM and other numerical 

methods, and researchers typically use one of 

them for numerical simulations of all types of 

physical phenomena. The FEM has become 

very popular in structural analysis due to the 

great practical value of the results, especially 

in cases where deformations are limited to 

elastic ones (Demirdžić et al 1993). 

The FEM is based on the variational 

principle and uses the predefined shape 

functions dependent on the topology of 

the element, easily extends to higher order 

discretisation, produces large block-matrices, 

usually with high condition numbers, and 

as a consequence relies on direct solvers. 

The FVM is usually second-order accurate, 

based on the integral form of the governing 

equation, uses a segregated solution proce-

dure, where the coupling and non-linearity 

are treated in an iterative way, and creates 

diagonally dominant matrices well suited for 

iterative solvers. 

The question here is a trade-off between 

the high expense of the direct solver for a 

large matrix in FEM or the cheaper iterative 

solvers in FVM. The reason for this may be 

the fact that the FVM is inherently good at 

treating complicated, coupled and non-linear 

differential equations, widely present in fluid 

flows. By extension, as the mathematical 

model becomes more complex, the FVM 

should become a more interesting alterna-

tive to the FEM. Another reason to consider 

the use of the FVM in structural analysis 

is its efficiency. In recent years industrial 

computational fluid dynamics has been 

dealing with meshes of high order which are 

necessary to produce accurate results for 

complex mathematical models and full-size 

geometries (Jasak et al 2000). 

It is well known that the numerical analy-

sis of solids in incompressible limit could 

lead to difficulties. For example, fully inte-

grated displacement-based lower-order finite 

elements suffer from volumetric locking. 

Also, some difficulties are experienced pro-

ducing a stiffness matrix and shape function 

in order to increase the convergence rate. 

From the results of several benchmark 

solutions, the FVM appeared to offer a 

number of advantages over equivalent finite 

element models. For instance, unlike the 

FDM solution, the FVM solution is conserva-

tive, and incompressibility is satisfied exactly 

for each control volume of the computational 

domain. In principle, because of the local 

conservation properties, the FVMs should 

be in a good position to solve such problems 

effectively. Furthermore, numerical calcula-

tion with meshes consisting of triangular 

cells showed excellent agreement with ana-

lytical results (Sabbagh–Yazdi et al 2009). 

The presented results show that both local 

and global norms of error for the FVM are 

similar to the FEM. Using the constant strain 

triangles leads to a similar stiffness matrix 

and consequently a comparable level of accu-

racy in both the FVM and FEM. It is interest-

ing that the execution time for the FVM is 

less than that of the FEM for sufficiently fine 

mesh (Ekhteraei–Toussi et al 2007). 

As mentioned before, the FVM is a 

popular method in thermal analysis, while 

the FEM is a conventional technique in 

the solid mechanics field. The use of both 

methods would inevitably necessitate the 

transferring of data. However, the trans-

formation of results between the FVM and 

FEM is time-consuming. By using the FVM 

for the analysis of solids and temperature, 

the time-consuming transfer of data can be 

avoided, while the method is also more stable 

when simulating complicated problems 

(Suvanjumrat et al 2011). 

For determining the displacement fields 

and elastic stress distribution in structures, 

Wheel (1996) introduced an implicit finite 

volume method for axisymmetric geometries 

using structured meshes. Wenke et al (2003) 

presented a finite volume-based discretisation 

method for determining displacement, strain 

and stress distributions in two-dimensional 

structures on unstructured meshes. They 

incorporated rotation variables in addition to 

the displacement degrees of freedom. Slone 

et al (2003) evaluated the dynamic structural 

response of solids on unstructured meshes. In 

this work, a three-dimensional vertex-based 

method with a Newmark implicit scheme was 

presented and the neutral frequency was pre-

dicted accurately by employing viscous damp-

ing. Demirdžić et al (2000) extended their 

numerical technique for the stress analysis in 

isotropic bodies subjected to hygro-thermo-

mechanical loads. In this research, the tem-

perature, stress, displacement and humidity 

fields were calculated using the fully implicit 

time differencing, whereas the source term 

and diffusion fluxes were treated explicitly. 

Fainberg et al (1996) performed similar work 

for thermo-elastic material.

 In one of the numerical research efforts, 

ANSYS software was used for 2D and 3D 

thermo–structural analyses of roller-com-

pacted concrete (RCC) (Malkawi et al 2003). 

Both thermal and mechanical properties of 

the concrete were considered constant dur-

ing the analysis. In this research, a 2D finite 

element programme was used to simulate 

the construction process of a mass concrete 

structure. A computer code for thermo-struc-

tural analysis of the mass concrete structures 

was also implemented by these researchers. 

They predicted the time of crack occur-

rence via the crack index with regard to the 

constant mechanical properties of concrete 

over time. Noorzaei et al (2006) and Jaafar et 
al (2007) implemented a 2D computer code 

based on the finite element method for the 

thermal analysis of a mass concrete structure. 

In this research the thermal properties of 

concrete were assumed to be constant during 

analysis. Azenha & Faria (2008) proposed a 

2D numerical method for the prediction of 

temperature and stress distribution consider-

ing the evolution of mechanical properties 

during the early ages of concrete. 

It should be noted that, as the reactions 

proceed, the products of the cement hydration 

process gradually grow to form the skeleton of 

hardened cement paste as a solid mass which 

bears the applied loads. Hence, the mechani-

cal properties of concrete change with respect 

to concrete age. This process is known as 

concrete ageing and must be considered in 

precise thermal stress analysis. Luna & Wu 

(2000) predicted the temperature and stress 

distribution during RCC dam construction 

considering the temperature effect on the 

elastic modulus and creep behaviour of con-

crete, but the other concrete properties were 

assumed to be constant over time. Cervera et 
al (2000) implemented a numerical simula-

tion for construction of the mass concrete 

structure with regard to the ageing effects. 

In that work the numerical analyses were 

performed under different scenarios of dam 

construction. Chen et al (2001) developed 

the finite element relocating mesh method 

for stress analysis of RCC dams during the 

construction period. The ageing effects on the 

elastic modulus of concrete were considered 

by Chen et al.
Another module of NASIR (Numerical 

Analyzer for Scientific and Industrial 

Requirements) solver, which uses a matrix-

free Galerkin finite volume method on 

the unstructured meshes of triangular 

elements, was recently introduced for strain-

stress analysis of plane-strain problems 

under external loads considering constant 

mechanical properties (Sabbagh–Yazdi et 
al 2008). In Part I of this two-part paper, a 

new explicit 2D numerical solution has been 
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presented to compute the temperature field 

which is caused due to the hydration and 

thermal conductivity by the Galerkin finite 

volume method on the unstructured meshes 

of triangular elements with respect to the 

variation of temperature and age of concrete. 

In this research, NASIR plane-strain 

solver, the finite volume method solver of 

Cauchy equations for plane-strain problems, 

is developed to predict the strain-stress fields 

during multi-layer concrete setting of a mass 

concrete structure considering the variations 

of mechanical properties. For this purpose, 

a strain-stress solver based on the Galerkin 

finite volume method for plane-strain prob-

lems is developed for stress analysis during 

the various stages of gradual construction of 

mass concrete structures. In this modelling 

strategy, the convergence of 2D force equilib-

rium equations is achieved via some iterative 

matrix-free solutions for a given (previously 

computed in Part I of this two-part paper) 

temperature field at each stage of the gradual 

construction of the mass concrete struc-

ture. The thermal stresses are computed 

considering the effect of concrete ageing 

on the mechanical properties of concrete. 

The variations of mechanical properties are 

considered corresponding to the concrete 

temperature, the time dependent degree of 

hydration and the concrete age. 

After the detailed description of the 

numerical modelling, the accuracy of the 

introduced numerical model is assessed 

by comparison of the computed principle 

thermal stress contours of a clamped plate 

due to a uniform temperature field with the 

finite element method solution which has 

been reported by Logan (2000). Finally, the 

thermal stress solution during the multi-layer 

construction of a mass concrete structure on 

a natural foundation is performed consider-

ing the variable mechanical properties of 

concrete 

FORCE EQUILIBRIUM AND STRESS 

FIELD MATHEMATICAL MODEL

Force equilibrium equations

It is well known that the Cauchy equa-

tions are the predominant equations of 

solid mechanics. The following equation 

is attained from the equilibrium equations 

which can be used on each body with any 

material (Sabbagh–Yazdi et al 2008).

 

δσx

δx 
 + 

δτxy

δy 
 = ρüx

 

δτxy

δx 
 + 

δσy

δy 
 = ρüy (1)

where ρ (kg/m3) is the material’s density and 

üi (m/s2) is the acceleration of the body.

Strain-stress relations

The stress field for plane-strain problems is 

expressed as:

σx = D11εx + D12εy

σy = D21εx + D22εy

τxy = D33γxy

D = 
E(1 – ϑ)

(1 + ϑ)(1 – 2ϑ)  

 1 
ϑ

1 – ϑ 
 0

 
ϑ

1 – ϑ 
 1 0

 0 0 
1 – 2ϑ

2(1 – ϑ) 

 (2)

where σx,σy,τxy are the normal stresses in the 

x and y directions and shear stress, respec-

tively; εx,εy,γxy are the normal strains in the 

x and y directions and shear strain, respec-

tively; and E, ϑ denote the elastic modulus 

and Poisson’s Ratio coefficient. 

The strain field is expressed as:

εx = 
δux

δx 
 + εEth

εy = 
δuy

δy 
 + εEth

εxy = 
δux

δy 
 + 

δuy

δx 
 (3)

where (εEth)n is the external thermal strain of 

node n which is calculated from Equation 4:

(εEth)n = αΔT = α(Tt+Δt – Tt)n (4)

where 

 α(l/°C) : coefficient of thermal expansion 

 Tt
n(°C) : temperature of node n at time (t) 

Ageing effects on 

mechanical properties 

The changes of concrete properties dur-

ing the hydration reaction are called the 

concrete ageing. The evolution of elastic 

Figure 1 Control volume node n with triangular elements 
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modulus and strength of concrete must 

be considered for a precise thermal stress 

analysis.

Elastic modulus
The elastic modulus is defined as the 

ratio between the constrained strains and 

stresses. The elastic modulus of concrete 

relates to the hydrated cement paste of 

concrete, which is able to support the 

applied loads. The hydrated cement paste 

of concrete grows with time and causes 

considerable increase of the concrete 

elastic modulus. Equation 5 may be used 

for the evolution of the concrete elastic 

modulus over time (Noorzaei et al 2006).

Ec(t) = Ec.eatb
 , Ec = 4 750 f ’c (5)

where Ec(MPa) is the elastic modulus of 

concrete at time (t), Ec(MPa) is the ultimate 

elastic modulus of concrete, t(day) is the 

equivalent age of concrete, f ’c is the char-

acteristic cylinder strength of concrete, 

and a, b are the fit parameters which were 

determined for one mass concrete structure 

as follows: a = –0.5, b = –0.63.

Poisson’s Ratio
The Poisson’s Ratio coefficient is required 

for stress modelling in multi-dimensional 

structures. This coefficient is defined as 

the ratio of transverse strain to longitu-

dinal strain under uniform axial stress. 

De Schutter & Taerwe (1996) presented 

a model to calculate the variation in the 

Poisson’s Ratio of concrete over time based 

on the degree of concrete hydration.

ϑ(αcon) = 0.18sin
παcon

2 
 + 0.5e–10αcon (6)

where ϑ(αcon) is the Poisson’s Ratio of con-

crete at the degree of hydration (αcon).

Coefficient of thermal expansion
Coefficient of thermal expansion is one of 

the most important parameters of thermal 

stress analysis. The mixture proportions, 

type of aggregate, degree of saturation and 

concrete age are the effective parameters 

on the coefficient of thermal expansion 

of concrete. The coefficient of thermal 

expansion is dependent on the coefficient 

of thermal expansion of the concrete com-

ponents. Since the aggregate content of 

concrete is relatively high, the coefficient 

of thermal expansion of the aggregate has 

the greatest effect on the coefficient of 

thermal expansion of concrete.

The Loukili model expresses the evolu-

tion of the coefficient of thermal expan-

sion of concrete over time (Equation 7). 

According to this relationship, the 

coefficient of thermal expansion of con-

crete decreases over time and converges to 

10–5(1/°C).

α(t) = 77e

0.75–t

2.5  + 10 (7)

where α(10–6/°C) is the coefficient of thermal 

expansion of concrete, and t(hr) is the equi-

valent age of concrete (Loukili et al 2000).

NUMERICAL SOLUTION

Galerkin finite volume formulations

The compact form of Cauchy equations can 

be expressed as:

δσij

δxi 
 = ρ

δ2ui

δt2 n
 (i = 1,2) (8)

For j = 1,2 the stress vector can be defined 

as F
→

i = σi1i + σi2j = F1i + F2j where ui(m) is 

displacement in the i direction.

By application of the Galerkin weighted 

residual method, after multiplying the residual 

of the above equation by a weight function 

(which can be considered as the nodal shape 

function of a linear triangular element φn) 

and integrating over a subdomain Ω (which is 

formed by gathering all the elements sharing 

node n), the weak form of Equation 8, after 

omitting zero boundary terms, is expressed as:

∫Ωφn.( .Fi
S)n = ∫Ωφn. ρ

δ2ui

δt2 n 
dΩ (9)

 The first term on the right-hand side of 

Equation 9 can be written as Equation 10:

∫Ωφn.( .Fi
S)n = [φn.n̂Fi

S]Γ – ∫Ω(Fi
S. φn)dΩ 

→ ∫Ωφn.( .Fi
S)dΩ = –∫Ω(Fi

S. φn)dΩ (10)

The approximate relationship given in 

Equation 11 can be used to calculate the 

spatial derivative term of Equation (10):

∫Ω(Fi
S. φn)ndΩ ≈ 

1

2 
∑3

m=1(Fi
S.Δli)m (11)

Here (Δli)m is the i direction component of 

the normal vector of edge m of the subdo-

main Ωn.

The weighting function φ has a value of 

unity at the desired node n, and zero at the 

other neighbouring nodes k of each triangu-

lar element.

For an equilibrium condition in which 

time stepping can be considered as a strat-

egy to perform the iterative computation 

until the desired convergence is achieved, 

the transient term of the equation can be 

expressed as:

ρ
Ωn

3 

δ2ui

δt2 n
 = ρ

ui
k+1 – 2ui

k + ui
k–1

Δt2 n

Ωn

3 
 (12)

The discrete form of the Cauchy equation for 

a node n is written as Equation 13:

(ui)n
k+1 = (Δt)n

k
3

2ρΩn 
∑N

i=1 Fi
S.Δli

k

1

 + 2(ui)n
k – (ui)n

k–1 , (i = 1,2) (13)

where (ui)n
k+1 is the displacement of node n at 

k+1 iteration in the i direction (Figure 1).

Computation of stress vector 

components 

The stress field can be calculated using the 

following equations:

σx = D11

δux

δx 
 + εEth  + D12

δuy

δy 
 + εEth

σx ≈ 
1

ΩE 
∑3

m=1 D11uxΔy – D12uyΔx 

 + εEth(D11 + D12)
m

 (14)

σy = D12

δux

δx 
 + εEth  + D11

δuy

δy 
 + εEth

σy ≈ 
1

ΩE 
∑3

m=1 D12uxΔy – D11uyΔx 

 + εEth(D12 + D11)
m

 (15)

τxy = τyx = D22

δux

δy 
 + 

δuy

δx 

τxy = τyx ≈ 
1

ΩE 
∑3

m=1 D22uyΔy – D22uxΔx
m

 (16)

where

 εEth :  the external thermal strain which is 

the average strain of each edge

 ΩE :  the area of triangular element 

 n :  the external edges number of control 

volume

Boundary conditions

The boundary conditions of the force equi-

librium equation are presented as follows:

Clamped constraint
In this boundary condition, not only the 

displacement, but also the rotation must be 

limited (Figure 2).

ux = 0, uy = 0, θ = 0 (17)

Sliding constraint
This boundary condition provides only the 

tangential displacement, and the normal 

displacement is prevented (Figure 3).

un = 0, θ = 0 (18)
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Iterative computation

The iterative computations are resumed until 

the steady state condition and desired con-

vergence are achieved. In order to maintain 

the stability of the iterative computations, the 

time stepping size must be limited. Using the 

local time stepping method can reduce the 

run-time required to reach equilibrium. In 

order to have the stable explicit solution, the 

Courant’s number must be less than unity.

According to the proposed relation 

(Sabbagh–Yazdi et al 2008), the time step size 

must be limited to the following equations:

Δtn < 
rn

C 
 (19)

rn = 
Ωn

Pn 
 , Pn = ∑

k=1
Nedge(Δl)k (20)

where Ωn and Pn are the area and perimeter 

of the control volume, respectively.

C is the speed of information transition 

which is calculated from Equation 21:

C = 
E

ρ(1 – ϑ2)
 (21)

Every node has its own time step size. 

Using the concept of the local time step-

ping method accelerates the convergence to 

the equilibrium condition for steady state 

problems.

CONTACT ANALYSIS

Contact mechanics involves the study of 

forces transmitted from one solid to another 

and the consequent stresses in those solids. 

Contact mechanics has widespread applica-

tion in many engineering problems and 

no one can disregard its importance. The 

general goals of contact analysis are to deter-

mine the contact stresses transmitted across 

the contact interfaces of the solids that are 

brought into contact. Nowadays computa-

tional mechanics is a useful tool to simulate 

contact problems numerically so that one 

is able to analyse large-scale problems. One 

of the interesting applications of contact 

mechanics is the modelling of dam-rock 

foundations interface. Interface may not only 

affect the mechanical behaviour of the dam 

and foundation system, but also the diffusion 

properties, such as moisture transmission. 

The safety against sliding has to be assessed 

for the interface between the dam and the 

foundation, especially in dynamic analysis. 

In the contact area, the constraint equa-

tions for normal and tangential contact have 

to be formulated. Let us assume that two 

solids are brought into contact (Figure 4). 

In this case, the non-penetration condition 

(constraint equation) is given by the follow-

ing equation:

g = [x1 – x2].n ≥ 0 or g = Cu on Γc = Γ1 + Γ2 (22)

where Γc denotes the contact surface; n is 

the normal to solid 2; x1,x2 are the deformed 

positions of solids 1 and 2, respectively; u is 

the displacement matrix; and g = 
gn

gt 
 is the

Figure 4 Contact forces
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Figure 5  Schematic illustration of plate 
clamped at left and subjected to 
uniform temperature
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Table 1 Plate specifications

Plate Specification Value 

Length * Height 50 * 50 cm

 Elastic modulus 210 GPa

 Poisson’s Ratio ϑ = 0.3

Coefficient of thermal 
expansion

α =1.2E – 5/°C

Temperature difference 50°C

Figure 6  Unstructured meshes of triangular elements for thermal stress analysis (with 940 nodes 
and 1 718 elements)
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relative motion in normal and tangential 

direction, respectively.

If the above relationship isn’t exactly 

satisfied, we have some penetration in the 

contact surface which could be interpreted 

as the g function:

g = Cu – Q (23)

In this research, the penalty method is con-

sidered for enforcing a constraint condition 

in contact analysis. The stiffness equation of 

a constrained problem is determined by min-

imising the total potential energy (Equation 

24). As is clear from this, the stiffness matrix 

and force vector are modified to incorporate 

the impenetrability constraint stiffness.

[K + CTαC]u = R + CTαQ (24)

where α is the penalty number.

The contact force vector is calculated 

from the following equation:

fn

ft 

Con
 = 

 αn 0

 0 αt

gn

gt 
 (25)

where fn, ft are the normal and tangential 

contact forces, respectively, and αn, αt are 

the normal and tangential contact stiffness, 

respectively.

One has to distinguish two cases which 

are called stick state and slide state in the 

tangential direction of the contact surface. In 

the first situation (stick state) a point which 

is in contact cannot move in the tangential 

direction, but in the slide state situation 

relative slip between two solids occurs and 

friction law is applied to the contact surface. 

A slip criterion is used to indicate whether 

stick or slip state occurs, which is stated as in 

Equation 26:

φ = |τ| – τcrit = 
< 0 stick state

= 0 slip state
 (26)

where |τ| denotes the norm of the tangential 

traction and τcrit is determined by the fric-

tion law. 

The Coulomb friction law, which is 

adequately applicable to common frictional 

contact problems, is adopted in this research 

as (Mohammadi 2003):

τcrit = μ|σn| (27)

where μ is the friction coefficient and σn 

denotes the normal stress. The value of the 

friction coefficient for mass concrete on 

sound rock is considered to be 0.7 so that the 

stick state always occurs (ETL 1110-3-446 

1992).

VERIFICATION AND APPLICATION

Verification test

External thermal stresses are induced in 

concrete structures because the coefficients of 

Figure 7 Maximum principal stress contours computed by developed model (Pa)
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Figure 8  Maximum principal stress contours computed by ALGOR finite element method 
software (Logan 2000)
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thermal expansion of the body and adjacent 

structures are different. When the tem-

perature difference between the body and its 

adjacent structures is the same, the thermal 

strains in the body and its adjacent structures 

due to the difference between their coef-

ficients of thermal expansion are different, 

which cause thermally induced stress. 

A plate specimen is clamped at the left 

and is subjected to a uniform temperature 

of 50°C as shown in Figure 5 (Logan 2000). 

The properties of the material are given in 

Table 1.

The unstructured mesh of triangular 

elements, as shown in Figure 6, is used to 

perform the Galerkin finite volume method 

solution. In order to assess the computed 

results of the present solver with other 

developed methods, the results of the finite 

element-based ALGOR commercial software 

(presented in the previous literature review) 

are used to compare the computed results. 

Under a uniform temperature, the thermal 

stresses are induced by the restraint bound-

ary conditions. The computational stress 

field is the same as the results from the 

ALGOR software (Logan 2000), as are shown 

in Figures 7 and 8.

Application case

The applicability of the developed solver to 

simulate real-world problems is shown in 

this section. Using the developed software, 

the simulation of a thermally-induced stress 

field of a typical mass concrete structure is 

performed with regard to the variations of 

mechanical properties of the material. The 

mechanical properties of the concrete and 

foundation are tabulated in Table 2. For more 

geometrical details please refer to Part I of 

this two-part paper.

Using the presented relationships, the 

mechanical properties of concrete can be 

determined according to concrete ageing 

during analysis. Their variation diagrams 

over time are shown in Figures 9–11.

The numerical analysis of a typical 

mass concrete structure is performed using 

the above-mentioned relationships of the 

mechanical properties and the computed 

results of both simulations (constant and 

variable properties of concrete), as demon-

strated in Figure 12 (see page 112) in terms 

of the transient principal stress contours in a 

concrete dam wall during the different stages 

of construction.

In order to provide a better understand-

ing of the effects of the gradual load impos-

ing technique and to ensure the convergence 

of the presented results, the root mean 

square of the computed displacements is 

shown in Figure 13.

CONCLUSION

Considering the temperature and time-

dependent mechanical properties of concrete 

is an essential task for the precise thermal 

stress analysis of mass concrete structures. 

In this research, a plane-strain matrix-free 

Galerkin finite volume method was used 

to develop a numerical solver which is able 

to predict the temperature-induced stress-

strain fields in mass concrete structures due 

to concrete heat of hydration and thermal 

conduction between the concrete and sur-

rounding air through the boundary surfaces, 

considering the concrete ageing dependent 

mechanical properties. 

Figure 9 Variation of Poisson’s Ratio with respect to concrete ageing
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Figure 10 Variation of coefficient of thermal expansion with respect to time
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Table 2 Mechanical properties

Material property
Value

Concrete Foundation

Final elastic modulus 21 GPa 22 GPa

Characteristic cylinder strength 20 MPa …………

Elastic modulus Variable Constant

Poisson’s Ratio Variable (asymptote value = 0.16) 0.3
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Building on the computed transient 

temperature field from the similar solver in 

Part I of this two-part paper, stress analysis 

was performed on the same mesh, and 

the converged stress–strain fields were 

achieved via some iterative solution of 

Cauchy equilibrium equations. The time 

step of the Cauchy equation formulation 

was used for the iterative solution of the 

equilibrium equation at each desired time 

step of the thermal analysis. The thermal 

stresses were computed using the previously 

computed displacements and the thermal 

strains which had been accumulatively 

calculated from the results of performed 

thermal analyses between the two sequen-

tial stress-strain computation stages. In 

addition, dam wall and foundation geometry 

were not considered integrated anymore, 

so the mechanical contact was considered 

at concrete-rock foundation interface to 

achieve more realistic simulations of stain-

stress fields in this area. The accuracy of 

the developed model was evaluated by 

the comparison of thermal stress analysis 

numerical results of a clamped plane, which 

was exposed to constant temperature 

(constant mechanical properties), with the 

results of finite element-based ALGOR 

software. The calculated results correlated 

well with the finite element results. Then 

the applicability of the developed numerical 

solver was demonstrated by the simulation 

of the transient stress-strain field during 

the gradual construction of a concrete dam 

wall on a natural foundation. The numerical 

computations were performed for a typi-

cal mass concrete structure on a natural 

foundation for the variable mechanical 

properties. The simulation results showed 

that significant tensile stresses may develop 

at the concrete surfaces due to the severe 

temperature gradient. 

The thermal stress module of the NASIR 

Galerkin finite volume solver can be used 

as a helpful simulation tool to predict the 

thermal stresses of the multi-layer construc-

tion programme of a mass concrete struc-

ture considering the variable mechanical 

properties.

NOTATION SECTION

 bi : Body force

 ρ : Material density 

 üi : Acceleration of body

 D : Stiffness matrix

 εEth : External thermal strain

 α : Coefficient of thermal expansion 

 Tt
n : Temperature of node n at time t

 F
→

i : Stress vector in the direction

 Ω : Subdomain

 φ : Test function

 (un)i
t+Δt :  Displacement of node n at k itera-

tion number

 ΩE : Area of the triangular element 

 n :  External edges number of control 

volume

 Ωn : Area of the control volume

 Pn : Perimeter of the control volume

 C : Speed of information transition

 Δtn : Virtual time step of node n

 Ec :  Ultimate elastic modulus of 

concrete 

 t : Equivalent age of concrete 

 f ’c :  The characteristic cylinder 

strength of concrete

 a,b : Fit parameters

 ϑ : Concrete Poisson’s Ratio

 αcon : Degree of concrete hydration 

 Ec(t) :  Elastic modulus of concrete at 

time  (t)

 (Δli)m :  The i direction component of the 

normal vector of edge m of the 

subdomain Ωn
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Figure 12  2D distribution of maximum principle stress for different construction heights (MPa) considering variations of mechanical properties 
according to the age of each concrete layer
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Figure 13 Convergence of the results for the computed displacements
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