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INTRODUCTION

Shrinkage is an important property of 

concrete as it influences the durability, 

aesthetics and long-term serviceability of the 

concrete, as well as its load-bearing capacity 

(Addis & Owens 2005). Thus, the accurate 

prediction of shrinkage is important in 

the design stage of any concrete structure 

(American Concrete Institute 2008). Most 

existing shrinkage prediction models do not 

take into account the effect of concrete raw 

materials, such as different supplementary 

cementitious materials and aggregate types. 

Furthermore, these models were generally 

developed using data derived from non-

South African concretes and thus do not take 

into account the effects of local materials, 

which may differ substantially from those 

used elsewhere.   

This paper presents a hierarchical, 

non-linear model for predicting the drying 

shrinkage of concrete intended for structural 

use. Using historical data for shrinkage of 

South African concretes, the model was 

developed by firstly identifying the most 

appropriate nonlinear shrinkage-time growth 

curve for individual shrinkage profiles. 

Secondly, the parameters of this growth 

curve model were fitted to each measured 

shrinkage profile individually, in terms of 

suitable known covariates (independent 

variables), namely, the composition of the 

concrete, its other engineering properties, as 

well as shrinkage test conditions. The model, 

referred to as the WITS model, is therefore 

intended to account for the raw materials 

used to make the concrete, the composition 

of the concrete (expressed through both 

the mixture design and the measured 

engineering properties of the hardened 

concrete), and lastly, the environmental 

conditions of exposure when shrinkage 

occurred. With reference to the database 

of measured shrinkage on South African 

concretes that was gathered for this project, 

the WITS model was compared to several 

shrinkage models that are already in use in 

the concrete industry.     

The importance of the study is two-fold: 

This is the first comprehensive model to 

bring together laboratory data on the shrink-

age of concrete generated in South Africa 

over a span of around 30 years, identifying 

the covariates which are the most important 

contributors to both the magnitude and 

rate of concrete shrinkage. Secondly, the 

concept of hierarchical nonlinear model-

ling (Davidian & Giltinan 1995), as briefly 

outlined above, has been applied for the first 

time to the modelling of concrete shrink-

age. This approach could prove useful to 

other researchers seeking to model concrete 

shrinkage and related time-dependent prop-

erties such as creep. Within the limitations 

of the study, particularly the use of historical 

data, the model provides a starting point 

for further, statistically designed, tests and 

assessments to more fully explore the effects 

of the key variables.

DESCRIPTION OF THE MODEL

A detailed description of the data used in the 

study, its limitations and the mathematical 
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This paper presents a model for the drying shrinkage of South African concretes, developed 
from laboratory data generated over the last 30 years. The model, referred to as the WITS model, 
is aimed at identifying the material variables that are the most important predictors of both 
the magnitude and rate of concrete shrinkage. In comparison with several shrinkage models 
already in use in the South African concrete industry, namely the SANS 10100-1, ACI 209R-92, 
RILEM B3, CEB MC90-99 and GL2000 models, the WITS model exhibited the best performance 
across a range of goodness-of-fit criteria. The ACI 209R-92 model and the RILEM B3 model 
showed reasonably good prediction. However, since the B3 model could be used to predict just 
over two-thirds of the data set, it was thus arguably the best alternative to the WITS model for 
the South African data set. The SANS 10100-1 model performed poorly in its predictive ability 
at early drying times. This may indicate that its 30-year predictions are more suited to the South 
African data set than its six-month predictions.
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Figure 1 Summary of the WITS model for concrete shrinkage

ln(γ) = 3.04

+ Cement type factor (choose one cement type):

 –0.01  CEM III A GGBS

 0   CEM I, CEM II A-D, CEM II A-L, CEM II A-M(L), CEM II 
A-S, CEM II A-V, CEM II B-M(V/L), CEM II B-S, CEM II B-V, 
CEM III A GGCS and CEM III A GGFS

 0.19  CEM V A

+ Stone type factor (choose one stone type):

 0  Andesite, Dolerite, Dolomite, Greywacke, Pretoria Quartzite, 
Shale, Wits Quartzite 

 0.01 Quartzite

 0.05 Tillite

 0.34 Granite

+ Sand type factor ( choose one sand type unless given proportions 
indicate otherwise): 

 –2.58 River Vaal (0 to 20%)

 –0.44 Wits Quartzite

 –0.40 Shale

 –0.36 Granite

 –0.12 Natural

 –0.03 Andesite

 0  Cape Flats, Dolomite, Ecca Grit, Pretoria Quartzite, Quartzite 
(0 to 80%), River (0 to 25%), Tillite (0 to 80%)

 0.02 Klipheuwel Pit

 0.50 Dolerite

+ 0.16 * ln(cement content in kg/m3)

+ 0.08 * Aggregate/Binder mass ratio

– 0.62 * ln(2*Volume to surface area ratio in mm)

– 0.08 * Temperature

ln(β) = 9.76

+ Cement type factor (choose one cement type):

 –0.29  CEM III A GGBS

 0   CEM I, CEM II A-D, CEM II A-L, CEM II A-M(L), CEM II 
A-S, CEM II A-V, CEM II B-M(V/L), CEM II B-S, CEM II B-V, 
CEM III A GGCS and CEM III A GGFS

 0.79  CEM V A

+ Stone type factor (choose one stone type):

 –0.32 Tillite

 0  Andesite, Dolerite, Dolomite, Greywacke, Pretoria Quartzite, 
Shale, Wits Quartzite, Quartzite 

 0.33 Granite

+ Sand type factor ( choose one sand type unless given proportions 
indicate otherwise):

 –0.64 Wits Quartzite

 –0.49 Shale

 –0.42 Natural

 –0.36 Granite

 –0.35 River Vaal (0 to 20%)

 0  Cape Flats, Dolomite, Ecca Grit, Pretoria Quartzite, Quartzite 
(0 to 80%), River (0 to 25%), Tillite (0 to 80%)

 0.04 Andesite

 0.43 Klipheuwel Pit

 1.22 Dolerite

+ 0.01 * ln (cement content in kg/m3)

– 0.05 * Aggregate / Binder mass ratio

– 1.76 * ln(2*Volume to surface area ratio in mm)

– 0.26 * Temperature in ºC

α = –2245.19

+ Cement type factor (choose one cement type):

 –3.85 CEM V A

 0  CEM I, CEM II A-D, CEM II A-L, CEM II A-M(L), CEM II 
A-S, CEM II A-V, CEM II B-M(V/L), CEM II B-S, CEM II B-V, 
CEM III A GGCS and CEM III A GGFS

 8.63 CEM III A GGBS

+ Stone type factor (choose one stone type):

 –43.02 Granite

 0  Andesite, Dolerite, Dolomite, Greywacke, Pretoria Quartzite, 
Shale, Wits Quartzite 

 211.75 Tillite

 302.21 Quartzite

+ Sand type factor ( choose one sand type unless given proportions 
indicate otherwise):

 0  Cape Flats, Dolomite, Ecca Grit, Pretoria Quartzite, Quartzite 
(0 to 80%), River (0 to 25%), Tillite (0 to 80%)

 99.54 Andesite

 134.27 Dolerite

 139.92 Klipheuwel Pit

 170.57 Natural

 201.75 Granite

 260.15 Wits Quartzite

 321.77 Shale

 43.08 River Vaal (0 to 20%)

+ 55.71 * ln (cement content in kg/m3)

+ 2.54 * Water content in kg/m3

– 0.05 * Stone content in kg/m3

+ 25.35 * Aggregate/Binder mass ratio

+ 173.17 * ln(2*Volume to surface area ratio in mm)

+ 44.34 * Temperature in ºC

Mean shrinkage strain in the cross-section: εsh(t – t0) = α(1 – e–β(t–t0))γ

Ranges covered by the model:

 Cement content: 112–536 kg/m3 

 Water content:  160–225 kg/m3

 Aggregate/Binder ratio: 3.18–8.74

 Stone content: 900–1400 kg/m3

 2*Volume to surface area ratio: 16.5–75.0 

 Temperature: 21–25ºC

 Humidity: 43–72% 

  For combinations of cement, stone and sand covered by the model, 
see Table 1.

Abbreviations:

 GGBS Ground Granulated Blast-furnace Slag

 GGCS Ground Granulated Corex Slag

 GGFS Ground Granulated Ferro-manganese Slag



Journal of the South African Institution of Civil Engineering • Volume 55 Number 1 April 2013 47

development of the model is given in an 

associated publication (Gaylard et al 2012). A 

key limitation of the data set must be noted 

here, which is that the individual studies 

making up the data set were not necessarily 

carried out with the development of a model 

for shrinkage as the main aim. This has 

two consequences. Firstly, not all important 

factors affecting shrinkage were varied over 

sufficiently wide ranges. In fact, some factors 

were kept constant because they were known 

to have a significant effect on shrinkage, 

most notably the levels of environmental 

temperature and humidity maintained 

during the shrinkage tests. Secondly, not all 

data required for this study was recorded in 

some of the studies making up the data set. 

High levels of missing data led to certain 

potentially useful covariates (for example 

the 28-day compressive strength and elastic 

modulus of the concrete) being excluded 

for consideration as part of the model. 

However, a model can still be developed with 

these limitations in mind, and can then be 

enhanced by further, designed, experiments 

to include such factors.

The form of the growth curve model 

selected is given by

εsh(t – t0) = α(1 – e–β(t–t0))γ (1)

where εsh(t – t0) is the mean shrinkage strain 

in the cross-section (in microstrain) at dry-

ing time t – t0 (in days) (where t is the age 

of the concrete and is the age at first drying 

in days), α represents the ultimate shrinkage 

(when (t – t0) is very large), β represents the 

rate of shrinkage development with time and 

γ is a growth curve shape parameter which 

does not have a direct physical interpreta-

tion. The parameters α, β and γ in turn 

depend on known properties of the concrete, 

namely its composition, its other engineering 

properties and the shrinkage test conditions. 

The types and combinations of cement, 

stone and sand covered by the WITS model 

are given in Table 1. These are limited to the 

data which was available for the derivation of 

the model. The model parameters are given 

in Figure 1. 

The operation of the model therefore 

requires that the user has to calculate 

the appropriate values of α, β and γ from 

Figure 1. These values are then substituted 

into Equation 1 to produce a shrinkage-time 

relationship for the particular concrete under 

consideration.

To give an indication of the fit of the 

model to the raw data, the two shrinkage 

profiles with predicted values of α closest to 

the observed asymptote (long-term shrink-

age), as well as the two shrinkage profiles 

with predicted values of α furthest from the 

Table 1 Types, levels and combinations of cement, stone and sand covered by the WITS model

Stone type

Cement type

C
E

M
 I

C
E

M
 I

I 
A

-D

C
E

M
 I

I 
A

-L

C
E

M
 I

I 
A

-M
(L

)

C
E

M
 I

I 
A

-S

C
E

M
 I

I 
A

-V

C
E

M
 I

I 
B

-M
 (

V
/L

)

C
E

M
 I

I 
B

-S

C
E

M
 I

I 
B

-V

C
E

M
 I

II
 

A C
E

M
 V

 A

Andesite √   √ √ √   √ √ √ √ √

Dolerite √ √ √   √ √   √ √ √  

Dolomite √             √   √  

Granite √             √ √ √  

Greywacke √         √     √ √  

Pretoria Quartzite √                    

Quartzite √                    

Shale                   √  

Tillite √             √ √ √  

Wits Quartzite √                 √  
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Andesite √                    

Cape Flats √         √     √    

Dolerite √ √             √ √  

Dolomite √   √   √ √   √ √ √  

Ecca grit                 √    

Granite √   √ √     √ √ √ √ √

Klipheuwel pit √                 √  

Natural √       √     √   √  

Pretoria Quartzite √                    

Quartzite (up to 80%*) √                    

River (up to 25%*) √                 √  

River Vaal (up to 20%*) √             √ √ √  

Shale                   √  

Tillite (up to 80%*) √             √ √ √  

Wits Quartzite √                 √  

* indicates maximum proportion of sand type in total sand content
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Andesite √                  

Cape Flats         √          

Dolerite   √                

Dolomite   √ √              

Ecca grit   √                

Granite √     √            

Klipheuwel pit         √          

Natural √ √                

Pretoria Quartzite           √        

Quartzite             √      

River                   √

River Vaal √   √ √ √ √ √   √ √

Shale                   √

Tillite                 √  

Wits Quartzite               √   √
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observed asymptote, from the experiments 

in the data set, are shown in Figure 2. The 

American Concrete Institute (2008) notes 

that the variability of shrinkage test mea-

surements prevents models from matching 

measured data closely, and it is thus unreal-

istic to expect results from shrinkage predic-

tion models to be within less than 20% of the 

test data. In this case, the two predicted pro-

files exhibiting the largest deviations from 

the raw data (Figure 2 (c) and (d)) show the 

last data points having deviations of 16.2% 

and 22.9%, respectively, which indicates that 

the model lies in the range of acceptable 

prediction. 

The covariates (independent variables) 

which have the most significant effect on the 

parameters α, β and γ are listed in descend-

ing order in Table 2. 

With reference to Table 2, we first con-

sider the material parameters that influence 

the dependent variable α, which represents 

the ultimate shrinkage. The different sand 

types feature very strongly in the model, 

with three sand types (granite, natural and 

Wits Quartzite) making the largest contri-

bution to high values of α. All seven sand 

types which were found to be significant had 

positive coefficients relative to the reference 

sand type, dolomite, which is considered to 

be the sand type showing the lowest shrink-

age of the aggregates covered by this study 

(Alexander 1998). This is not an unexpected 

result, since a number of researchers have 

shown the strong influence of aggregate 

type on concrete shrinkage (Roper 1959; 

Alexander 1998; Ballim 2000). Such research 

indicates that this effect is due to the shrink-

age of the aggregate itself, the stiffness of the 

aggregate and the surface characteristics of 

the aggregate in modifying the aggregate-

cement paste interface in concrete.

The next most important parameter 

influencing the variable α was the environ-

mental temperature. As expected, a higher 

temperature leads to a higher ultimate 

Table 2  The ranking of the significant terms for each of the three parameters α, β and γ for the 

WITS model

α ln(β) ln(γ)

Sand Granite (+)*

Sand Natural (+)

Sand Wits Quartzite) (+)

Temperature (+)

Sand Klipheuwel Pit (+)

Aggregate/Binder Ratio (+) 

ln(2*Volume to Surface Area)(+)

Sand Shale (+)

Stone Tillite (+)

Stone Quartzite (+)

Water Content (+)

Sand River Vaal (+)

Sand Andesite (+)

ln(2*Volume to Surface Area) (–)

Temperature (–)

Sand Dolerite (+)

Sand Natural (–)

Sand Klipheuwel pit (+)

Sand Wits Quartzite (–) 

Sand Granite (–)

Cement CEM III A GGBS (–)

Cement CEM V A (+)

Stone Content (–)

Stone Granite (+)

Sand Shale (–)

Sand River Vaal (–)

ln(2*Volume to Surface Area) (–)

Aggregate/Binder Ratio (+)

Sand Granite (–)

Sand Wits Quartzite (–)

Temperature (–)

Stone Granite (+)

Sand Dolerite (+)

Stone Content (–)

Sand Shale (–)

* The sign of the coefficient is indicated.

Figure 2  Mean (solid line) and 95% confidence interval (dashed line) predictions for the two shrinkage profiles with predicted values of α ((a) and (b)) 

closest to the observed asymptote and ((c) and (d)) furthest from the observed asymptote
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shrinkage. The effect of the aggregate-binder 

ratio may be understood in terms of the 

restraining effect of the aggregate volume 

(Alexander & Mindess 2005). The specimen 

size effect (as represented by the ratio of 

the volume to the surface area of the speci-

men) is unexpected: the positive sign of the 

coefficient suggests that specimens with a 

lower surface area available for moisture 

loss, relative to their volume, are expected to 

reach higher levels of ultimate shrinkage. It 

must be noted that this variable was subject 

to some multi-collinearity (mostly with sand 

type dolerite and temperature) and thus the 

meaning of the magnitude and sign of the 

coefficient should not be over-interpreted 

(Gaylard et al 2012). This is certainly an 

aspect requiring further investigation. 

The two stone types which were found 

to have a significant effect on α had positive 

coefficients relative to the reference stone 

type, andesite. Given the range of stone 

types for which sufficient data was available, 

andesite stone concretes showed the lowest 

shrinkage, and andesite was therefore used 

as the reference stone. Finally, the water 

content of the concrete also plays a role in 

influencing ultimate shrinkage. As expected, 

increasing the water content of the concrete 

mix increases the ultimate shrinkage.

Much less is known about the factors 

which influence the rate of shrinkage. 

However, the significant terms in the regres-

sion equation for ln(β), which represents the 

rate of shrinkage development with time, 

may be interpreted as follows: As expected, 

the specimen size effect is the strongest con-

tributor to the rate of shrinkage development 

with time – specimens with a higher surface 

area available for moisture loss, relative to 

their volume, lose moisture more rapidly. 

The rate of shrinkage decreases with increas-

ing temperature. This is unexpected, but is 

likely to be linked to the very narrow range 

of temperatures covered by this study (21–

25ºC) as a result of the near-constant labora-

tory conditions under which the shrinkage 

experiments were carried out. Sand type 

plays an important role in determining the 

rate of shrinkage. In contrast to the findings 

for the ultimate shrinkage, here the signs of 

coefficients for the different sand types are 

both positive and negative. A few cement 

types have an effect on the rate of shrinkage. 

Cements with high levels (36–65%) of GGBS 

(i.e. CEM III A) appeared to slow the rate of 

shrinkage. The effect was not statistically 

significant for comparable concretes contain-

ing Corex or Ferro-manganese slag. Cements 

containing both GGBS (18-30%) and fly 

ash (18–30%) (i.e. CEM V A) appeared to 

increase the rate of shrinkage. Increasing 

stone content decreases the rate of shrinkage, 

Figure 3  An illustration of the effects of the different model parameters, α, β and γ, in modifying 

the rate and magnitude of predicted concrete shrinkage development by the WITS model
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Table 3 Covariates included in the published models as well as the WITS model

Covariates

Model
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Concrete raw materials and composition:

Cement type * √ √ √ √ √

Cement content √ * √

Water content √ √ √

Water / cement mass ratio *

Air content √

Sand type √

Stone type √

Stone content √

Sand / total aggregate mass ratio √

Aggregate / cement mass ratio *

Aggregate / binder mass ratio √

Testing conditions:

Curing method * √ *

Age at first drying √ √ *

Specimen shape √

Specimen volume to surface area ratio √ √ √ √ √

Specimen ratio of cross-sectional area to exposed perimeter √ √

Temperature * * √

Humidity √ √  √ √ √ √

Concrete properties:

28-day compressive strength  √  √ √ √

28-day elastic modulus √

Slump √

The symbol √ denotes that the covariate is required for model prediction calculations, while the symbol * denotes that the 
covariate is only required to assess the applicability of the model
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presumably due to the restraining effect of 

the aggregate. One stone type, granite, was 

found to increase the rate of shrinkage rela-

tive to the reference stone type, andesite.

The growth curve shape parameter ln(γ) 

itself is difficult to interpret in the context 

of the growth curve equation, and thus its 

interpretation in terms of the significant 

covariates is even more difficult and was not 

attempted. 

By way of illustration, Figure 3 shows a 

range of shrinkage profiles that are obtained 

with the model proposed here, using values 

of α, β and γ that lie within the range of 

values for the data set used in developing 

the model. Figure 3 shows the effects of 

the different model parameters in varying 

both the rate and magnitude of shrinkage 

development.

COMPARISON OF THE WITS MODEL 

TO OTHER PUBLISHED MODELS 

FOR CONCRETE SHRINKAGE

In the published literature, the most thorough 

model comparisons have been based on the 

RILEM data bank, a collection of 490 con-

crete shrinkage profiles mainly from North 

American and European research groups 

(Bažant & Li 2008). The RILEM B3 model 

was developed on an older version of the 

current RILEM data bank (Bažant & Baweja 

1996; Bažant 2000). In this study, model 

comparisons were based on the local data set, 

which may be considered as a smaller, South 

African, version of the RILEM data bank. 

Five published models were used as 

comparisons to the WITS model developed 

in this study:

 ■ The ACI 209R-92 model developed by the 

American Concrete Institute (1982) 

 ■ The RILEM B3 model developed by 

Bažant and co-workers (Bažant & Baweja 

1996; Bažant 2000)

Table 4 Ranges of applicability for the published models as well as the WITS model

Constraints

Model

ACI
209R-92

RILEM
B3

CEB
MC90-99

GL2000 SANS 10100-1 Eurocode 2 WITS

Concrete raw materials and composition:

Cement type Type I and III Type I, II and III see Table 1

Cement content 279–446 kg/m3 160–720 kg/m3 112–536 kg/m3

Water content 150–230 kg/m3 160–225 kg/m3

Water / cement mass ratio 0.35–0.85

Aggregate / cement mass ratio 2.5–13.5

Aggregate / binder mass ratio 3.18–8.74

Sand type see Table 1

Stone type see Table 1

Stone content 900–1400 kg/m3

Testing conditions:

Curing method and time
moist: ≥ 1 day

 or steam: 
1–3 days

moist: ≥ 1 day 
or steam

moist ≤ 14 days
moist: ≥ 1 day 

or steam

Specimen volume to surface area ratio
1.2*exp

(–0.00472*V/S) 
≥ 0.2

16.5–75.0

Specimen ratio of cross-sectional 
area to exposed perimeter

Temperature 21.2–25.2ºC 10–30ºC 21–25ºC

Humidity 40–100% 40–100% 40–100% 20–100% 20–100% 20–100% 43–72%

Concrete properties:

28-day (cylinder) compressive strength 17–70 MPa 15–120 MPa 16–82 MPa 20–90 MPa

Figure 4  The percentage of the data set which could be predicted by each of the models
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 ■ The CEB MC90-99 model developed by 

the Comité European du Beton (1999)

 ■ The GL2000 model developed by Gardner 

and Lockman (2001)

 ■ The SANS 10100-1 model adopted by the 

South African Bureau of Standards (2000)

 ■ The Eurocode 2 (EN 1992-1-1) model 

adopted by the European Committe for 

Standardization (2003).

The covariates (other than drying time) used 

in each of these models are given in Table 3 

and the ranges of applicability of each model 

are summarised in Table 4. The ranges of 

applicability of the WITS model given in 

Table 4 are equivalent to the ranges of the 

data used in fitting the model. However, the 

actual ranges of applicability could well be 

wider.

A predicted shrinkage profile was cal-

culated for each model, including the WITS 

model, for each qualifying experiment in the 

data set (in terms of the range of applicabil-

ity of each model – see Table 4), and the 

goodness-of-fit of these predictions to the 

actual data was assessed. Since the WITS 

model was also derived from this data set, its 

assessments were divided into two groups, 

namely the experiments used to derive the 

model, and the experiments which qualified 

to be predicted by the model but which were 

not used to derive the model as a result of 

poor quality data, for example shrinkage 

profiles which had not reached any indication 

of their long-term shrinkage value by the time 

measurements ceased. Combined goodness-

of-fit statistics for the two groups are also 

Figure 5  Illustration of the fit of the models to six experiments in the data set. The experiments illustrated in (a) to (d) were part of the data set used 

to derive the WITS model, while the experiments illustrated in (e) and (f) were not
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presented. The ACI 209R-92, RILEM B3, CEB 

MC90-99 and GL2000 models were imple-

mented according to the model specifications 

given in the American Concrete Institute 

Committee 209’s guide for modelling and 

calculating shrinkage and creep in hardened 

concrete (American Concrete Institute 2008). 

In the ACI 209R-92 model, the air content was 

set at the standard value of 6%, making the air 

content factor equal to one, since data on this 

variable was not available. For the RILEM B3, 

CEB MC90-99, GL2000 models, 28-day cube 

compressive strengths were converted to the 

corresponding cylinder strengths using the 

conversion table given in the British Standard 

Common Rules for Buildings and Civil 

Engineering Structures (British Standards 

Institution 2004). The effective section thick-

nesses of most of the specimens used in the 

study were smaller than the minimum value 

of 100 mm presented in the Eurocode 2 model 

(European Committee for Standardization 

2003). The values given in the standard were 

thus extrapolated to the required effective 

section thickness to determine the required 

value of the coefficient kh:

kh =  1.2 – 0.00225h0 + 0.0000025h2
0

(R2 = 0.999)

where h0 is the effective section thickness.

The SANS 10100-1 model was implemented 

according to the South African Bureau of 

Standards SANS 10100-1 standard (2000) for 

the prediction of shrinkage in concrete. The 

effective section thicknesses of the speci-

mens used in this study were smaller than 

the minimum value of 150 mm presented in 

the SANS 10100-1 model. The values given 

in the standard were thus extrapolated to 

the required effective section thickness (and 

interpolated to the required relative humid-

ity) by applying separate quadratic models 

(for the six-month and 30-year shrinkage) 

fitted to the shrinkage data read from the 

nomograph at relative humidities of 40, 50, 

60, 70 and 80% and effective section thick-

nesses of 150, 300 and 600 mm: 

6-month shrinkage (microstrain)

=  314.0 + 1.035H – 1.025u + 0.003494Hu

– 0.02962H2 + 0.0007302u2 (R2 = 0.994) (2)

30-year shrinkage (microstrain)

=  395.6 + 6.231H – 0.6173u + 0.003239Hu

– 0.09595H2 + 0.0002922u2 (R2 = 0.994) (3)

where H is the humidity in % and u is the 

effective section thickness in mm. 

After correction for the water content of 

the concrete, the predicted six-month and 

30-year shrinkage values were used to deter-

mine the time-shift factor, α, in the hyper-

bolic growth curve (Gilbert 1988; Ballim 

1999) used to determine the shrinkage at 

other drying times:

εsh(t – t0) = 
t

α + t
 ∙ εsh(30 years) (4)

where

α = 183 days ∙ 
εsh(30 years) – εsh(6 months)

εsh(6 months)
 (5)

Firstly the proportion of the data set which 

could be predicted by a particular model 

was determined. This analysis is presented 

in Figure 4. As a result of its minimalist 

input requirements, the SANS 10100-1 

model could be used to predict all the 

experiments in the data set. The WITS 

model had the next highest proportion of 

experiments which could be predicted (87%). 

Those experiments which did not qualify, 

failed to do so mostly because they used 

aggregate types which were not included in 

the derivation of the model or because of the 

poor quality of the shrinkage data, some-

times showing significant but unexplained 

deviations from the characteristic shrinkage 

development curve. Of this 87%, just over 

three-quarters of the data had been used 

in the development of the model, while the 

rest (47 experiments) had been excluded 

from model development because the data 

was insufficient to allow a realistic predic-

tion of the ultimate shrinkage, but these 

experiments still qualified for prediction by 

the model. This latter set can thus not be 

regarded as a true validation data set since 

it comprises poor quality data compared to 

the overall data set. In the discussions which 

follow, reference to the WITS model includes 

consideration of all three subsets of data 

unless specifically indicated otherwise. The 

other models were able to predict lower pro-

portions of the data set due to a combination 

of missing data and experiments not meeting 

the qualifying criteria.

The fit of the various models to six 

shrinkage profiles is illustrated in Figure 5. 

The illustrated profiles were randomly 

selected from the 57 experiments to which 

five or all six of the models could be fit-

ted. While the selection of the experiments 

was random, some effort was made to 

select experiments which spanned the range 

of shrinkage profiles in both magnitude 

and rate of shrinkage development. The 

full database containing the concrete 

details and shrinkage results for the 290 

experiments used in this study is available at 

www.cnci.org.za for download at no cost. 

It is clear from Figure 5 that the WITS 

model performed well, which was to be 

expected since the model was derived from 

the data. The SANS 10100-1 and GL2000 

models tended to under- and over-predict, 

respectively. No particular trend regarding 

the performance of the other models is 

immediately obvious from an inspection of 

the results in Figure 5.

Many goodness-of-fit measures have been 

used by different researchers in the develop-

ment of models for concrete shrinkage. The 

American Concrete Institute (2008) is of the 

opinion that “the statistical indicators avail-

able are not adequate to uniquely distinguish 

Table 5  Parameters of the linear relationship between the actual and predicted shrinkage values 

for the models

Model n
Adjusted 

R2

Slope
(95% confidence 

interval)

Intercept
(95% confidence 

interval)

WITS (data used for model 
development)

2 603 0.92
0.97 

(0.96–0.99)
18 

(15–21)

WITS (data NOT used for model 
development)

483 0.87
0.89 

(0.86–0.92)
19

(11–27)

WITS (all data) 3 086 0.91
0.96 

(0.95–0.97)
18

 (15–21)

ACI 209R-92 850 0.71
0.96 

(0.92–1.0)
53

 (42–64)

RILEM B3 2 581 0.67
0.73 

(0.71–0.75)
17 

(10–23)

CEB MC90-99 868 0.76
0.62 

(0.59–0.64)
–6

 (–16–4)

GL2000 3 005 0.53
0.52 

(0.50–0.54)
39 

(31–46)

SANS 10100-1 3 376 0.59
1.08 

(1.05–1.11)
118 

(113–123)

Eurocode 2 2 903 0.54
0.69

(0.66–0.71)
34

(27–42)



Journal of the South African Institution of Civil Engineering • Volume 55 Number 1 April 2013 53

Figure 6  Plots of the actual vs predicted shrinkage values for the models

1 000

1 000

1 000

1 000

1 000

1 000

1 000

1 000

1 000

800

800

800

800

800

800

800

800

800

600

600

600

600

600

600

600

600

600

400

400

400

400

400

400

400

400

400

200

200

200

200

200

200

200

200

200

0

0

0

0

0

0

0

0

0

1 000

1 000

1 000

1 000

1 000

1 000

1 000

1 000

1 000

800

800

800

800

800

800

800

800

800

200

200

200

200

200

200

200

200

200

0

0

0

0

0

0

0

0

0

A
c

tu
a

l 
sh

ri
n

k
a

g
e 

(m
ic

ro
st

ra
in

)
A

c
tu

a
l 

sh
ri

n
k

a
g

e 
(m

ic
ro

st
ra

in
)

A
c

tu
a

l 
sh

ri
n

k
a

g
e 

(m
ic

ro
st

ra
in

)
A

c
tu

a
l 

sh
ri

n
k

a
g

e 
(m

ic
ro

st
ra

in
)

A
c

tu
a

l 
sh

ri
n

k
a

g
e 

(m
ic

ro
st

ra
in

)

A
c

tu
a

l 
sh

ri
n

k
a

g
e 

(m
ic

ro
st

ra
in

)
A

c
tu

a
l 

sh
ri

n
k

a
g

e 
(m

ic
ro

st
ra

in
)

A
c

tu
a

l 
sh

ri
n

k
a

g
e 

(m
ic

ro
st

ra
in

)
A

c
tu

a
l 

sh
ri

n
k

a
g

e 
(m

ic
ro

st
ra

in
)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

Predicted shrinkage (microstrain)

600

600

600

600

600

600

600

600

600

400

400

400

400

400

400

400

400

400

WITS (data used for model)

WITS (all data)

CEB MC90-99

GL2000

Eurocode 2

WITS (data not used for model)

ACI 209R-92

RILEM B3

SANS 10100-1

The line of equality is shown in red



Journal of the South African Institution of Civil Engineering • Volume 55 Number 1 April 201354

Figure 7  Plots of the actual vs predicted shrinkage values, on a log scale, for the models
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between models”. Given this concern, it was 

thought best to use a broad range of these 

measures, both graphical and numerical, 

to assess the relative performance of the 

different models. Where possible, a critical 

assessment of these measures from a statisti-

cal point of view is also given. 

Plots of the actual versus predicted 

shrinkage values are shown in Figure 6. 

The points from an ideal model would lie 

entirely on the line of equality. Bažant et al 

(Bažant & Baweja 1995; Bažant 2000) recom-

mend focusing on the longer drying times, 

where predictions are most important, since 

such plots are typically dominated by data 

gathered at short drying times. For most 

concrete engineering projects, designers are 

more concerned with long-term shrinkage. 

However, this is not to say that early-age 

shrinkage is unimportant. For example, 

prediction of early-age shrinkage would be 

very important in post-tensioned, prestressed 

concrete structures. The results in Figure 6 

show that the WITS model, particularly at 

longer drying times, remained closest to the 

line of equality, thus indicating the best fit to 

the data. The adjusted R2, as well as the slope 

and intercept, of the fitted lines to the plots 

are given in Table 5. A good model would 

have a slope close to 1 and an intercept close 

to 0, as well as a high adjusted R2 value. 

The WITS model exhibited the least scatter 

(highest R2) and the slope closest to 1, while 

its intercept was the third closest to zero of 

all the models. This is to be expected, since 

a large proportion of the data was used to 

develop the WITS model. 

Nevertheless, it is interesting to note 

that the international models generally 

over-predict the shrinkage of South African 

concretes. This may be related to the fact 

that South African concretes are generally 

made with crushed aggregates, resulting in 

a higher water demand than many northern 

hemisphere concretes where natural gravels 

are more commonly used as aggregates. On 

balance of the three regression criteria, the 

CEB MC90-99 and ACI 209R-92 models 

performed the next best. The over-prediction 

by the RILEM B3, ACI 209R-92, CEB MC90-

99, Eurocode 2 and GL2000 models, as well 

as the under-prediction by the SANS 10100-1 

model, was evident from both the plots and 

the regression statistics.

Plots of the actual versus predicted 

shrinkage values on a log scale are also 

useful since they illustrate the relative 

errors, which should decrease as shrinkage 

strain increases as a consequence of the 

homoscedasticity of errors (Bažant & Baweja 

1995; Bažant 2000). These plots, and the 

parameters of their fitted lines, are shown in 

Figure 7 and Table 6 respectively. The WITS 

model was again closest to the unity line and 

exhibited the least scatter, indicating it to 

be the best model when viewed according to 

these criteria. The RILEM B3 model exhib-

ited more scatter of the data around the line 

of equality (i.e. greater positive and negative 

residuals) at longer drying times than the 

WITS model, while the performance of the 

other models was worse. 

In the above analysis of the results, all the 

concretes were allocated the same weight-

ing. Of course, this unreasonably weights 

the older, lower-strength concretes, which 

exhibit higher levels of shrinkage strain at a 

given drying time. To correct for this, plots 

of actual versus predicted shrinkage values 

were both multiplied by:

fc28,i

fc28,av

 

 where fc28,i is the 28-day compressive 

strength for the experiment and fc28,av is 

the average 28-day compressive strength for 

the data set (Bažant & Baweja 1995; Bažant 

2000). This effectively normalised shrinkage 

according to compressive strength. However, 

this analysis did not change the conclusion 

that the WITS model performed the best, 

while the RILEM B3 and ACI 209R-92 mod-

els exhibited the next best performance.

Plots of the differences between mea-

sured and predicted shrinkage (residuals) 

against Log10(time) are shown in Figure 8. 

These residuals should not fan out (indicat-

ing increased deviation of a model from the 

raw data at longer drying times – where 

prediction is more important) or show any 

other obvious pattern or trend (McDonald & 

Roper 1993, Al-Manaseer & Lam 2005). The 

over- and under-prediction of the different 

models, as discussed previously, can clearly 

be seen in these plots. The mean residuals 

for the WITS model were the closest to zero 

and the most consistent across the different 

intervals of drying time, whereas the abso-

lute values of the mean residuals of the other 

models tended to increase with drying time. 

The ACI 209R-92 and RILEM B3 models 

exhibited the next best performance on this 

criterion.

A MORE DETAILED ANALYSIS 

OF VARIATION

In order to further assess the suitability 

of the proposed WITS model, a range of 

numerical goodness-of-fit summary statistics 

were determined. Bažant’s coefficient of 

variation, ωBP (Bažant & Baweja 1995; Bažant 

2000, Al-Manaseer & Lam 2005) for all the 

data, as well as that calculated separately 

for three time intervals (on a log10 scale) 

spanned by the shrinkage profiles, for the 

different models is shown in Table 7. The 

WITS model exhibited the lowest coefficient 

of variation overall, as well as across all three 

intervals of drying time, followed by the ACI 

209R-92 model. The coefficient of variation 

of the WITS model, calculated on the South 

African data set from which the model was 

derived, was found to be 27%. This compares 

favourably to the 34% coefficient of variation 

for the RILEM B3 model calculated on the 

RILEM database, from which it was derived 

(Bažant 2000). This said, it should be noted 

that the RILEM model was developed on a 

Table 6  Parameters of the linear relationship between the actual and predicted shrinkage values, 

on a log scale, for the models

Model n
Adjusted 

R2

Slope
(95% confidence 

interval)

Intercept
(95% confidence 

interval)

WITS (data used for model 
development)

2 603 0.86
0.96 

(0.94–0.97)
0.11

(0.08–0.14)

WITS (data NOT used for model 
development)

483 0.84
0.76 

(0.73–0.79)
0.55 

(0.48–0.62)

WITS (all data) 3 086 0.85
0.93 

(0.91–0.94)
0.18 

(0.15–0.22)

ACI 209R-92 850 0.67
0.70 

(0.67–0.74)
0.76

(0.67–0.84)

RILEM B3 2 579 0.68
1.06 

(1.03–1.09)
–0.29 

(–0.36––0.22)

CEB MC90-99 868 0.67
1.33 

(1.27–1.39)
–1.1 

(–1.3––0.96)

GL2000 3 005 0.59
1.04 

(1.01–1.07)
–0.35 

(–0.43––0.28)

SANS 10100-1 3 374 0.71
0.54 

(0.53–0.55)
1.31 

(1.28–1.33)

Eurocode 2 2 906 0.62
0.85

(0.82–0.87)
0.24

(0.18–0.30)
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Figure 8  Plots of the residuals vs log10 (time) for the models
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Table 7 Summary of the numerical goodness-of-fit statistics calculated for the models

Model

WITS
(data used 
for model 

development)

WITS
(data NOT 

used for model 
development)

WITS
(all data)

ACI
209R-92

RILEM
B3

CEB
MC90-99

GL2000
SANS 

10100-1
Eurocode 

2

Bažant’s coefficient of variation

ωBP (overall) (%) 25 35 27 49 84 84 130 76 73

ωBP (1-9 days) (%) 37 45 39 70 76 133 136 105 100

ωBP (10-99 days) (%) 21 25 22 36 49 59 87 75 57

ωBP (100-999 days) (%) 13 20 13 33 40 71 67 48 40

CEB coefficient of variation

VCEB (overall) (%) 22 32 23 43 54 83 95 63 62

VCEB (0-10 days) (%) 37 45 39 68 75 126 135 104 98

VCEB (11-100 days) (%) 21 25 21 36 49 58 86 74 57

VCEB (101-365 days) (%) 13 20 14 33 36 57 58 53 36

VCEB (366-730 days) (%) 13 13 18 50 79 87 22 49

VCEB (731-1095 days) (%) 15 15 54 77 93 5 52

CEB mean square error

FCEB (overall) (%) 35 34 34 38 141 174 212 53 126

FCEB (0-10 days) (%) 70 45 66 55 293 356 426 84 247

FCEB (11-100 days) (%) 24 30 25 38 76 89 135 66 99

FCEB (101-365 days) (%) 15 24 17 33 45 65 85 45 48

FCEB (366-730 days) (%) 13 13 16 55 83 91 17 54

FCEB (731-1095 days) (%) 14 14 55 80 94 10 55

CEB mean relative deviation

MCEB (overall) 0.99 1.01 0.99 0.96 1.25 1.40 1.41 0.76 1.23

MCEB (0-10 days) 1.04 0.91 1.02 0.89 1.47 1.76 1.75 0.42 1.28

MCEB (11-100 days) 0.98 1.05 0.99 0.98 1.20 1.30 1.37 0.60 1.25

MCEB (101-365 days) 1.01 1.05 1.02 0.97 1.14 1.25 1.22 0.77 1.07

MCEB (366-730 days) 0.97 0.97 1.01 1.23 1.34 1.35 0.97 1.21

MCEB (731-1095 days) 0.94 0.94 1.23 1.33 1.37 1.02 1.23

Gardner mean residuals

3-9.9 days 10 16 11 49 -36 -94 -89 84 -37

10-31.5 days 16 -3 12 35 -56 -120 -137 140 -82

31.6-99 days 18 -33 10 38 -79 -107 -163 181 -78

100-315 days -3 -23 -6 72 -60 -196 -144 188 -18

316-999 days 26 53 27 7 -159 -263 -282 50 -130

Gardner root mean square of residuals

3-9.9 days 32 39 33 70 64 108 116 97 90

10-31.5 days 48 44 47 81 97 137 180 156 127

31.6-99 days 54 61 55 114 127 140 222 202 137

100-315 days 54 79 59 149 145 219 236 222 144

316-999 days 50 144 54 143 184 272 317 116 180

Gardner coefficient of variation

ωG (overall) (%) 17 27 18 36 49 71 83 60 51
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larger database with a possibly greater varia-

tion in concrete types.

In the calculation of the CEB-FIP coef-

ficient of variation, mean square error and 

mean relative deviation (Al-Manaseer & 

Lam 2005), all the data is pooled and then 

grouped into six intervals of drying time: 

0-10 days, 11-100 days, 101-365 days, 366-730 

days, 731-1095 days and above 1 095 days. 

The disadvantage of these three measures 

is that the data is immediately grouped into 

drying time intervals, which means that, 

although time intervals are weighted equally, 

different experiments are not weighted 

equally in the calculation of the overall 

mean statistics. Bažant’s approach, described 

above, does not suffer this weakness and 

satisfies both these objectives. The use of the 

mean of the shrinkage values for a given time 

period rather than the grand mean of all the 

shrinkage values in the calculation of the 

CEB coefficient of variation results in large 

values of the coefficient of variation for short 

drying time intervals and vice versa. This 

in turn means that the calculated value of 

the overall coefficient of variation is unduly 

influenced by the short drying time data. 

With respect to both the Bažant and CEB 

coefficients of variation, it should also be 

noted that, for the WITS model at least, the 

model fit was obtained by minimising the 

variance, not by minimising the coefficient 

of variance. The use of the relative errors 

in the calculation of the CEB mean square 

error is prone to over-emphasise the errors 

in low shrinkage values, which are relatively 

less important, and vice versa. The CEB 

mean relative deviation is a useful statistic 

as it identifies the magnitude and direction 

of bias in the predicted values. The results 

from all the above calculations are given in 

Table 7. Results for only five time intervals 

are shown, since there was no data at drying 

times longer than 1 095 days in the data set 

used in this study. The WITS model exhib-

ited the lowest overall CEB coefficient of 

variation, followed by the ACI 209R-92 and 

RILEM B3 models. Over the different time 

intervals, the WITS model had the lowest 

coefficient of variation, except for the longest 

drying time interval (731-1 095 days) where it 

was superseded by the SANS 10100-1model. 

It appeared that the SANS 10100-1model 

is a good predictor of shrinkage at longer 

drying times, but under-predicts at shorter 

drying times, perhaps due to poor prediction 

of the six-month shrinkage, as illustrated in 

Figure 5, and also in Figure 9 for an experi-

ment which includes data at very long drying 

times. The over-emphasis of the CEB mean 

square error statistics for low shrinkage 

values (and vice versa), as discussed above, 

can clearly be seen (Table 7). The WITS 

model, closely followed by the ACI 209R-92 

and SANS 10100-1 models, performed better 

than the other models on this measure. The 

CEB mean relative deviation statistics are 

shown in Table 7, which illustrate the magni-

tude and direction of the bias in the different 

models (discussed previously), as a function 

of drying time. The WITS model showed the 

least bias across all time intervals, closely 

followed by the ACI 209R-92 model. The 

narrowing difference between the actual and 

predicted values of the SANS 10100-1 model 

with increasing drying time is shown clearly 

here, again indicating that the longer-term 

(30-year) predictions of this model are more 

in line with the measured data than the 

shorter-term (six-month) predictions.

In the method used by Gardner (2004), 

the observations are grouped into half-log 

decades (starting at a drying time of three 

days). Within each time interval, the average 

and the root mean square (RMS) values of the 

differences between the actual and predicted 

values (residuals) are calculated. The trend of 

the average residual with time shows whether 

there is over- or under-estimation (bias) with 

time by the model, while the trend of the 

RMS values with time shows if the deviation 

of the model increases with time. Next, the 

RMS values are simply averaged. The average 

RMS values are then normalised by dividing 

by the average of the average shrinkage values 

(for the different time intervals) to produce 

a measure analogous to a coefficient of 

variation. This formula given by Gardner is, 

however, incorrect, since the mean squares, 

not RMS values, should be averaged. In this 

study, the corrected formula for the Gardner 

coefficient of variation, ωG, was applied. As in 

the case for the overall CEB statistical indica-

tor, ωG also suffers from the disadvantage 

that the data is immediately grouped into 

drying time intervals, which means that, 

although time intervals are weighted equally, 

experiments are not weighted equally in the 

calculation of this overall mean statistic. 

Figure 9  Illustration of the fit of the models to an experiment with data at long drying times

700

S
h

ri
n

k
a

g
e 

(m
ic

ro
st

ra
in

)

600

500

400

300

200

100

0
1 000100101

Drying time (days)

WITS

#0177 RILEM B3 CEB MC90-99GL2000

SANS 10100-1Eurocode 2

Figure 10   Comparison of the goodness-of-fit measures for the different concrete shrinkage models
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The Gardner average residuals and the root 

mean squares of the residuals for the dif-

ferent time periods for all the models are 

given in Table 7. The WITS model had the 

lowest mean residuals, followed by the ACI 

209R-92 model. The bias towards over- or 

under-prediction by the other models can 

clearly be seen. The Gardner coefficient of 

variation also identified the WITS model as 

the best model according to this criterion, 

as did the root mean squares of the residuals 

for the different drying time intervals. The 

latter statistic showed that the deviations of 

all the models increased with time, with the 

exception of the WITS model (over all drying 

times) and the SANS 10100-1 model (at long 

drying times).

The discussion above has shown that 

there is no single goodness-of-fit statistic 

which can adequately capture all aspects of 

the performance of a model for the shrink-

age of concrete. In order to summarise the 

information contained in the different overall 

numerical goodness-of-fit measures discussed 

above, their calculated values for the different 

models are represented in Figure 10 by means 

of a radar chart. This plot showed that, 

across all the goodness-of-fit measures, the 

WITS model performed the best. This was 

perhaps to be expected, since the model was 

derived largely from this data. However, even 

the performance of the model on the data 

which was not used in the development of the 

model was excellent, although, as was men-

tioned earlier, this small data set should not 

be regarded as a true validation data set. The 

ACI 209R-92 model exhibited the second-best 

performance, but here it must be noted that 

this model could be used to predict only 36% 

of the data set. The third best performance 

across the goodness-of-fit indicators was 

shown by the RILEM B3, SANS 10100-1 and 

Eurocode 2 models indicating that these are 

arguably the best alternative models to the 

WITS model for the South African data set. 

The SANS 10100-1 model performed poorly 

relative to the other models, but as discussed 

above, its predictive ability at longer drying 

times was better than that at shorter drying 

times. This may indicate that its 30-year pre-

dictions are more suited to the South African 

data set than its six-month predictions, i.e. 

that the time development of shrinkage of the 

model may need to be adjusted relative to the 

British Standard from which the model was 

directly taken.

CONCLUSIONS

The WITS model presented in this paper 

represents a first attempt at applying the 

concept of hierarchical nonlinear modelling 

to the prediction of shrinkage for South 

African concretes. Furthermore, this is 

the first time that a shrinkage model has 

been derived from a gathering of test data 

on the shrinkage of concretes which had 

been generated by a range of South African 

laboratories over a span of 30 years. The 

proposed model identifies the material and 

environmental covariates that are the most 

important contributors to both the magni-

tude and rate of concrete shrinkage. Based 

on a range of reliability and goodness-of-fit 

measures, the WITS model was found to 

perform better than a number of local and 

international models on the basis of the mag-

nitude and rate of prediction at both early 

and late drying times. The coefficients pro-

posed for the model have yet to be confirmed 

through further testing with a wider range of 

material and environmental variables. This 

will require further, statistically designed, 

shrinkage tests that are aimed at exploring 

the effect of key variables more fully. This 

approach could also prove useful to future 

research seeking to model concrete shrink-

age and related time-dependent properties 

such as creep.
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