Numerical modelling

for the evaluation of
progressive damage to
plain concrete structures

S ASadrnejad

Among the various numerical simulation models of plain concrete, the micro-plane models
perform exceptionally well. They are not as complicated as the microscopic models, such as
the discrete particle models, and do not have the shortcomings of the macroscopic models
based on stress or strain invariants. The constitutive equations for the mechanical behaviour of
concrete, capable of predicting damage effects or crack growth under loading, unloading or
reloading, were developed on a micro-plane framework. The proposed damage formulation is
based on combinations of five fundamental types of stress/strain, which essentially may occur
on any of the micro-planes. Model verification was done using different loading, unloading
and reloading stress/strain paths. The proposed model is capable of yielding a pre-failure/post-
failure history of stress/strain on different predefined sampling planes through material. This
micro-plane damage model of plain concrete was developed in a 3D finite element code to
show its abilities in crack/damage analysis and prediction of failure mechanisms as compared
with plain concrete tests. The proposed code is able not only to predict the crack path, but also
to determine which combination of loading conditions occurs on damaged micro-planes. The
validity of the proposed model is investigated through a few test cases and a double curvature

arch concrete dam.

INTRODUCTION

Surveys through the continuum macro-
scopic constitutive models of concrete show
that micro-planes-based models perform
exceptionally well. In these models, instead
of presenting constitutive relations in the
shape of stress and strain tensors, the stress
and strain vectors, which are in turn the
projections of stress or strain tensors, are
used. This method not only provides a more
physical conceptual base, but also leads to
more simple mathematical formulation. On
the other hand, invariant-based continuum
macroscopic models lose some of the impor-
tant features of material behaviour because
they are basically not able to capture and
store the data properties in the different
directions around a material point, whereas
the micro-planes models inherently include
the directional characteristics of a material
point.

Many of the available 3D commercial
analysing codes are not equipped with the
proper damage concrete material model, so
are not able to perform precisely crack/dam-
age analysis, analysis of crack orientations
and analysis of progressive failure of concrete
structures.

The basic idea, namely that the constitu-
tive material behaviour as a relation between
strain and stress tensors can be “assembled”

from the behaviour of material in the planes
with different orientations within the materi-
al (such as slip planes, micro-planes, particle
contacts, etc), can be traced back to the fail-
ure envelopes of Mohr (1900) and the “slip
theory of plasticity” of Taylor (1938) who
was the first to implement this theory for
modelling the behaviour of polycrystalline
metals. Taylor’s idea was formulated in detail
by Batdorf and Budiansky (1949). This theory
was soon recognised as a realistic constitu-
tive model for plastic-hardening metals.

This idea was used in arguments about the
physical origin of strain hardening, and was
shown to allow easy modelling of anisotropy,
as well as the vertex effects for loading incre-
ments to the side of a radial path in stress
space. All the formulations considered that
only inelastic shear strains (“slips”), with no
inelastic normal strains, took place on what
is now called the “micro-planes”. The theory
was also adapted to anisotropic rocks and
soils under the name “multi-laminate model”
(Zienkiewicz & Pande 1977; Pande & Sharma
1981; Sadrnejad & Pande 1989; Sadrnejad
1992).

The static constraint formulation was
used extensively and referred to as “slip theo-
ry” for metals or “multi-laminate theory” for
anisotropic rocks until the first application
of this theory by Bazant and Gambarova in
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Table 1 Definition of micro-planes

Figure 1 Strain components on a micro-plane

1984 to continuum damage mechanics and
cohesive-frictional materials; they referred to
this theory as “micro-plane” theory.

The object of this study is the application
of a proposed micro-plane, damage-based
model of plane concrete (Labibzadeh &
Sadrnejad 2008) in a 3D finite element code
to show its abilities in crack/damage analysis
and analysis of progressive failure of concrete
structures such as concrete double curvature
arch dams. The proposed code is not only
able to predict the crack line, but also allows
the determination of which combination
of loading conditions occurs on damaged
micro-planes. The validity of the proposed
code is investigated by means of a few tests
and examples of concrete structures.

MICRO-PLANE FORMULATION

WITH KINEMATIC CONSTRAINT

The orientation of a micro-plane is charac-
terised by the unit normal n of components
n; (indices i and j refer to the components in
Cartesian co-ordinates x;). In the formulation
with a kinematic constraint, which makes it
possible to describe the softening behaviour
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Figure 2 Position of integration points on the unit sphere surface

of plane concrete in a stable manner, the
strain vector & on the micro-plane (Figure
1) is the projection of the macroscopic strain
tensor ¢;. So the components of this vector
are y; = ;1. The normal strain on the
micro-plane is, ey = 7,6 that is

en = Ni/sij; Ni;‘ = nn; 1)

where repeated indices imply summation
over i = 1, 2, 3. The mean normal strain,
called the volumetric strain ¢, and the devia-
toric strain &, on the micro-plane can also
be introduced, defined as follows:

e, =exl3iep=¢ex—¢, (2)

This separation of €, and ¢, is useful when
the effect of the hydrostatic pressure on a
number of cohesive frictional materials, such
as concrete, needs to be captured.

To characterise the shear strains on the
micro-plane (Figure 1), we need to define
two co-ordinate directions, M and L, given
by two orthogonal unit co-ordinate vectors
m and 1 of components 1; and /; lying on the
micro-plane. To minimise the directional
bias of m and 1 among micro-planes, one of
the unit vectors m and I tangential to the
plane is considered to be horizontal (parallel
tox — y plane).

The magnitudes of the shear strain com-
ponents on the micro-plane in the direction
of mandlare g, = mi(sijnj), g = li(sijnl-).

i the
shear strain components may be written as
follows (e.g. Bazant et al 1996):

Because of the symmetry of tensor ¢

ey = Mijsij, & = Li/sij (3)

in which the following symmetry tensors
were introduced:
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Reads the material parameters and the maximum number of iterations

Calculates the volumetric part of the undamaged modules matrix

Reads the direction of cosines and the weights of
the micro-planes according to Table 1

Calculates the transportation matrixes of micro-planes

Calculates the transposition of the transition matrixes of micro-planes

Reads the strain tensor

Calculates the deviatoric strain tensor

Projects the deviatoric strain tensor on the micro-plane

Iterates on the number

Computes the deviatoric damage function of the micro-plane

Computes the deviatoric damage module’s matrix of the micro-plane

Transports the deviatoric damage module’s matrix of the
micro-plane to the ordinary Cartesian co-ordinate system

Assembles the deviatoric damage module’s matrixes of the micro-
planes and calculates the deviatoric damage module’s matrix as part of
the total modules matrix in the ordinary Cartesian co-ordinate system

Iterates on the number of

maximum input data

Computes the volumetric damage function

Computes the volumetric part of the total modules matrix

Computes the total modules matrix

Calculates the stress tensor

Figure 3 Operation sequence of the proposed micro-plane damage model developed in Visual Fortran

Mij = (ml.nj + mjni)/Z; Ll.j = (1,-1'1j + ljni)/Z (4)
Once the strain components on each micro-
plane have been obtained, the stress com-
ponents are updated through micro-plane
constitutive laws, which can be expressed in
algebraic or differential forms.

In the kinematic constraint micro-plane
models, the stress components on the
micro-planes are equal to the projections
of the macroscopic stress tensor g;; only in
some particular cases when the micro-plane
constitutive laws are specifically prescribed
in a manner such that this condition can be
satisfied. This happens for example in the
case of elastic laws at the micro-plane level,
defined with elastic constants chosen so that
the overall macroscopic behaviour is the
usual elastic behaviour (Carol & Bazant 1997;
see also Carol et al 1992, 2001). In general,
the stress components determined independ-
ently on the various micro-planes will not
be related to one another in such a manner
that they can be considered as projections of
a macroscopic stress tensor. Thus the static
equivalence or equilibrium between the
micro-level stress components and macro-
level stress tensor must be enforced by other
means. This can be accomplished by applica-
tion of the principle of virtual work, yielding:

3 S
0;=0, 617 +— [oop N;- /A oy Ly + oy M dQ
21 3 5)

where Q is the surface of a unit hemisphere;
o0, and op, are the volumetric and deviatoric
parts of the normal stress component; and o
and o, are shear stress components on the
micro-planes respectively. Eq (5) is based on
the equality of the virtual work inside a unit
sphere and on its surface, rigorously justified
by Bazant et al (1996).

The integration in Eq (5) is performed
numerically by Gaussian integration using
a finite number of integration points on the
surface of the hemisphere. Such an integra-
tion technique corresponds to considering
a finite number of micro-planes, one for
each integration point. An approximate
formula consisting of 26 integration points is
proposed in this study. The direction cosines
and weights of the integration points are
listed in Table 1 and in Figure 2 their posi-
tions on the surface of the unit sphere are
shown.

This numerical integration technique for
evaluation of the integral statement in Eq (5)
yields:

N
0;=0, (Sij + %IQ s;dQ =0, 617 + 6/;1wﬂsij(/4) ,

5.
8= OD(NZ»]» - —Ejl] +0; Ll»j + O‘MML»]» (6)
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N, is the number of integration points on the
hemisphere. Based on this formulation, the
following macroscopic constitutive matrix in
the proposed model is obtained as follows:

3 E 3. o)
D=2 f [ N..——‘L](N _u
ikt 4nJQ(1+vH( 73 K 3]

0
E ﬂgi,
1-2v 3 Y

+ MMy + L Lkl}dg ¥ @)
where E and v are the elastic modulus and
Poisson’s coefficient.

FORMULATION OF NEW
ANISOTROPY DAMAGE FUNCTION
The deviatoric part of the constitutive
matrix is computed from superposition

of its counterparts on the micro-planes.
Such counterparts in turn are calculated
according to the types of damage that occur
on each plane, depending on its specific
loading conditions. This damage is evaluated
on the basis of the five separate damage
functions. These five loading conditions are:
B hydrostatic compression

B hydrostatic extension

B pure shear

B shear + compression

B shear + extension

A specific damage function is assigned
according to the authoritative laboratory test
results available in the literature. Then, for
each state of plane loading, one of the five
introduced damage functions is computed
with respect to the history of micro-stress/
strain components. The five damage func-
tions are as follows:

wye =00 ®)
w7 =00 if €0y < \3a
V3a e, — \3a
=10~ [ (52
AT €eq P b—3a
ife, > V3a ©)
©gy=0,5x (0, + @) (10)
wC:dxeeq ifseqSe
we=flegg— 2 +8leg,—€) +h
fe<e, <i
oot (L o] 2]
Eeq k—i
ifseq>i (1)
= 0,0 ifeeqsa
are10-[£) s {o2)
€eq c—a
ifseq>a 12)

Parameters a to k in the above relations are
computed according to the laboratory test
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Figure 4 Results of uniaxial compression test of concrete obtained with proposed micro-plane

damage model
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Figure 5 Volumetric behaviour of concrete under uniaxial compressive loading

results obtained for each specific concrete.
In Eq (9), €4 Is an average strain, and in the
other relations it is the magnitude of the
projected deviatoric strain vector on each
micro-plane. To obtain the parameters a

to k, uniaxial compression tests are used to
determine the planes’ shear-compression;
therefore, parameters d, e, f, g, h, i, j and

k are found by numerical trial and error.
Adjusting the stress path in the triaxial test
to provide a plane with pure tension or pure
shear can lead to the determination of @, b
and c.

In this formulation, for simplicity, we
consider just two basic material parameters,
namely the elastic modulus and Poisson’s
ratio. Accordingly, a simple isotropic linear
elasticity governs the intact material and
all non-linearity, including damage effects,
is accounted for through damage functions
on the sampling planes. Figure 3 shows the

computational sequence used in the pro-
posed model.

CORRELATION STUDIES OF THE
UNIAXIAL COMPRESSION, TRIAXIAL
AND UNIAXIAL TENSION TESTS

To demonstrate the validity of the proposed
model, correlation studies were done
between the model’s analytical results and
experimental evidence from tests regarding
the stress-strain response of concrete speci-
mens under different loading conditions. The
tests used were the uniaxial compression
(UC) test (Figures 4 and 5), the conventional
(cyclic) triaxial compression (CTC) test and
the uniaxial tension (UT) test. The proposed
model should be able to show the activity of
each predefined micro-plane up to and even
after failure. This specific novel aspect has
been evaluated for each test.
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Figure 7 Comparison of the damage evolution functions on the various micro-planes during

uniaxial compressive loading

The material parameters used in the
above analysis are: E = 25 000 MPa and v =
0,20.

Uniaxial compression (UC) testing

In Figure 5, the volumetric changes of the
concrete specimen under uniaxial compres-
sive loading are shown to compare well with
the experimental results of Kupfer and co-
workers (1969).

Figure 6 compares the variation in micro-
stress normal and tangential component
values with the total axial compressive
stress. As the figure shows, during the
application of the uniaxial compressive load,
micro-plane number 11 (see Figure 2) is in
compressive stress, whereas micro-planes
numbers 9, 10, 12 and 13, which are orien-
tated normal to the load direction on the
unit sphere, experience only tensile stress.
Compressive stress accompanied by shear
strains affects the remaining planes. It is
noted that during increments of the uniaxial
compressive load, the compressive and shear
stress components acting on micro-planes
numbers 1 to 8 increase simultaneously, with
a greater rise of shear stress at first; however,
near to the peak stress (f;) the compressive
stress decreases suddenly.

Figure 7 shows the growth of the damage
function values of different micro-planes
during the uniaxial compression test of
concrete obtained with the proposed model.
As can be observed from this figure, damage
evolves faster on micro-planes numbers 9,
10, 12 and 13 on the unit sphere than on
the other planes. This is because there are
different modes of loading on those planes.
In the uniaxial compression test done by
the proposed model, the axial compressive
load is applied on the x-axis that is normal
to micro-plane number 11 (Figure 2). So on
this plane there is only a normal compressive
load (mode I) which means that no dam-
ages could be caused to it. On micro-planes
numbers 5, 6, 7 and 8 there is a shear stress
combined with the normal compressive load
(mode IV); this causes less damage than on
micro-planes 1, 2, 3 and 4 on which there is
the same mode of loading (mode III). This is
because on micro-planes numbers 1, 2, 3 and
4 the magnitude of the compressive stress
component is less than that on micro-planes
numbers 5 to 8 (see Figure 6), so damage
grows faster. Finally, on micro-planes num-
bers 9, 10, 12 and 13 there is only normal
tension (mode II), which causes damage to
grow faster than on all the other planes.

If the points on the top and bottom load-
ing plates are assumed not to be horizontally
constant, the priority of micro-plane activity
in the above test is the other way round.
This means that damage on micro-planes
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(a) (b)

Figure 8 Typical failure patterns of cylinders
in the uniaxial compression test
with (a) low frictional and (b) high
frictional restraint

numbers 1, 2, 3 and 4 will be greater and
cracks will be initiated first on these micro-
planes. This phenomenon is in agreement
with the model’s predictions and is depicted
in Figure 8.

In this test, the hydrostatic pressure is
first applied to the specimen up to a certain
level and then the axial compression is
increased while the lateral or confining pres-
sure is held constant. Therefore, in this test,
up to a certain level of hydrostatic pressure
there should be no shear forces on the micro-
planes. This can be seen in Figure 9 which
shows the evolution of the micro-stress com-
ponents on the different micro-planes during
the CTC test.

Finally, the effect of lateral confining
pressures on the compressive cylindrical
strength of concrete specimens simulated
by the proposed model is compared with
the experimental data of Ansari and Li
(1998) in Figure 10. The stress-strain
response of the concrete cylindrical speci-
men under axial tension load is depicted in
Figure 11.

Cyclic triaxial compression

(CTC) testing

Generally, most damage models fail to
reproduce the irreversible strains and

the slopes of the curves in the unloading
and reloading regions. To overcome this
problem, plasticity and damage models are
often combined. In the case of unloading
or reloading, any gap opened on the plane
starts closing and a new history of dam-
age on the plane starts with regard to the
existing stress/strain on the plane. This is
similar to elastoplastic behaviour, although
the intact material remains elastic and dam-
age functions can make up and adjust the
residual plane strength.

In Figure 12, the predicted response of
the model under the cyclic compression test
is compared with the experimental results of
Sinha et al (1964).
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Figure 9 Variation of micro-stress component values during the conventional triaxial compression (CTC) test
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Figure 11 Behaviour of cylindrical concrete specimen under uniaxial tension testing obtained

with the proposed micro-plane damage model
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Figure 12 Simulation of cyclic compression test
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Figure 13 Complete cyclic triaxial test simulation

In addition, Figure 13 shows the behav-
iour of concrete simulated by the proposed
model under complete cyclic triaxial loading.

Finite element code
Three-dimensional (3D) finite element
software was developed using the proposed
damage model for concrete as an alternative
to the non-linear material model. This new
software can perform 3D crack/damage
analysis of concrete structures under static/
dynamic and monotonic/cyclic loadings. The
operating sequence of the proposed code
for non-linear static analysis is illustrated in
Figure 14.

Three-point bending test

Figure 15 shows the geometry and finite
element meshes for this test. The tensile
strength of concrete and the elastic
modulus are assumed to be f; = 2,8 MPa
and E = 27 500 MPa. For modelling, 428 3D
eight-noded brick elements and 958 nodes
are used. The path of crack growth simulated
with the proposed model is illustrated in
Figure 16. As can be seen from this figure,
the damaged region of the specimen coin-
cides with experimental observations.

Figure 17 shows a comparison of the
load-displacement curve obtained with the
proposed model with that found by Bazant
and Luzio (2004). Clearly, there is reasonable
agreement between the obtained and previ-
ously reported results. This example shows
the mode [ fracture of concrete in this 3D
condition. Furthermore, because of the spe-
cific formulation of damage on micro-planes,
the suggested model is able to predict the
direction of the crack line at each integration
point.

This can be observed in Figure 18, in
which the damaged micro-planes at integra-
tion point number 681 are illustrated (orange
planes). On these planes there is only tensile
strain (load condition II) and mode I frac-
ture has occurred on them. A comparison
between the damage values obtained with
the proposed code on various micro-planes
at integration point 681 is shown in Figure
19. Clearly, in the case of non-symmetrical
conditions, different stress/strain paths
appear on the sampling planes and the
arrangement of the active planes leads to
a different failure configuration from that
presented in the next section.

Anti-symmetrical four-

point shear test

To show how the model is also able to pre-
dict a crack with a curved path, a notched
specimen, subjected to an anti-symmetrical
four-point shear loading, is considered. The
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Figure 15 Geometry and finite element mesh of three-point bending test

thickness of the beam is 38 mm. A mesh of
428 3D brick elements is used (Figure 20).

The material parameters are E = 27 500
MPa and v = 0,20. When the anti-

symmetrical load is applied, a crack starts
from the left-hand corner of the notch and
grows upwards to the left-hand side of the
loading plate. Figure 21 shows the crack path

Figure 16 Path of crack growth and changes in
geometry with three-point bending test

in the specimen obtained from the proposed
model and the actual monitored crack path
obtained from experiment. The experimen-
tally obtained crack ends in the left-hand
corner of the loading test plate, while the
predicted one ends in the right-hand corner
of the load plate. There are two possible rea-
sons for this difference. The first is that point
loads are applied in the model, whereas plate
loading is applied in the test. The second is
that there is a small mismatch between the
sampling plane orientations and those of the
real cracked planes. Increasing the number of
sampling planes can sort out this mismatch-
ing to some extent. Furthermore, if other
element types are chosen, or a denser finite
element mesh is used, the predicted crack
pattern may be unchanged from the predic-
tion with the coarser mesh of linear brick
elements. Obviously, as Figure 21 shows, the
proposed model is able to simulate the crack
line fairly well. Figure 22 shows the modelled
crack evolution in the direct tensile test.
Mode II fracture has occurred on micro-
planes numbers 5, 6, 7 and 8 (blue planes in
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Figure 20 Single-edge notched beam
subjected to anti-symmetrical four-
point shear loading

Figure 18) due to a combination of tensile
and shear stresses (load condition V) at the
damage integration points.

ARCH DAM CRACK ANALYSIS

To demonstrate further the ability of the
proposed model, a double curvature arch
dam was selected. This dam is in the
feasibility stage of consulting studies in
Dez-Ab consulting engineering company
and is located in the south-west of Iran near
Aligoodarz city.

Dam geometry

The geometry of the dam, including the plan
and the profiles of the crown cantilever and
centre lines are shown in Figures 23 and

24. The dam has a height of 220 m and the
length of its crown is about 430 m.

Material library

The elastic modulus and Poisson’s ratio of
plain concrete for the dam are considered to
be E, = 30 000 MPa and v, = 0,20. The mass
density of the concrete is p = 2 400 kg/m3.
The elastic modulus of the rock mass is
selected as E, = 20 000 MPa.

Finite element mesh, results

and failure mechanism

The model discretisation of the arch dam
used in this analysis is shown in Figure 24.
A total of 652 3D brick elements and 1 146
nodes are used for the finite element calcula-
tions. The proposed arch dam is analysed by
the code in Figure 14 under its own weight
and the hydrostatic pressure of the reservoir
in the first stage. Damaged portions of the
dam are shown in Figure 25 in terms of the
damage parameters (damage value w ~ 1,0) of
the proposed model. It can be observed that
the damage or cracks at all designated inte-
gration points in Figure 25 occurs on micro-
planes numbers 7 and 8 where tensile and
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shear stress components (mode II fracture)
exist. This indicates that the combination of
tensile and shear stresses (load condition V)
have the greatest damage effects on the arch
dam under its own weight and the pressure
of the reservoir at that stage.

The dam’s deformations and stresses
under its own weight and normal water
pressure are shown in Figure 26. The stress
paths of the tensile and shear components
on micro-planes numbers 7 and 8 due to the
initial loading up to the point of failure are
shown in Figure 27.

The six stages of progressive failure are
shown in Figure 28. Damage starts in the
bottom right-hand location under the dam’s
own weight and water pressure increases.
With the compliance matrices kept constant
for the damaged planes, failure extends to

28

the left and upwards to configure a failure
mechanism that finally divides the dam body
into five pieces (Figure 29).

CONCLUSIONS

A constitutive damage model for concrete

predicting the effects of any arbitrary loading

conditions was developed using the approach
of a theoretical framework of micro-planes
and damage functions. This model has some
characteristics that distinguish it from similar
work done recently in this area of research.

Some of those differences are listed below.

B A new damage formulation has been
employed in the micro-plane model. It
was built on the basis of five fundamental
force conditions that essentially can
occur on each micro-plane. Consequently,
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Figure 24 Crown and centre lines of the dam
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Figure 25 Finite element mesh and initial
damaged parts of the arch dam
simulated by proposed model

any change in six strain/stress compo-
nents in a dxdydz element leads to one of
the five stress cases introduced into plane
conditions and the use of corresponding
damage functions. Therefore, the pro-
posed model is capable of predicting the
concrete behaviour under any arbitrary
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Figure 27 Stress paths on micro-planes numbers 7 and 8 of integration point number 371

strain/stress path. These five force condi-
tions are: (I) hydrostatic compression, (II)
hydrostatic extension, (III) pure shear,
(IV) shear + compression, and (V) shear
+ extension.

B Five damage evolution functions (all
functions of equivalent strain) were

formulated for any of five force condi-
tions. The equivalent strain for the first
two conditions is defined as volumetric
strain and for the others it may be con-
sidered as the magnitude of the projected
vectors of the deviatoric strain tensor

on the corresponding micro-planes.

These damage evolution functions

were constructed with reference to the
experimental test results for concrete
specimens under compressive and tensile
loading conditions reported by the vari-
ous researchers.

In our formulation, according to the
damage theory, the value of total damage
functions in each micro-plane varies
between zero and one, the first value
being related to the undamaged state (no
crack initiation on the micro-plane) and
the second value to the totally damaged
state (where the crack opening on the
micro-plane is greater than the specified
critical value).

As soon as any crack initiates and starts
to grow on each of 26 micro-planes, the
stiffness of the plane orthogonal to the
crack line gradually decreases. When
the crack opening reaches to its critical
value, the components of the stiffness
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