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Abstract—In this paper, the authors use a stochastic approach 

to investigate the impact of distributed synchronous generation 
(DSG) on the severity of voltage sags due to system-wide occurring 
faults. Based on the method of fault positions, faults of various 
types are applied at pre-determined locations along all lines in the 
system and remaining voltages on the faulted phase at a 
monitoring point are recorded. This is done for a base case and a 
case with DSG. The results show with DSG, there is a general 
improvement in magnitudes of remaining voltage. Comparison of 
the populations of voltages for the two cases, using The Wilcoxon 
Signed Rank Sum Test, showed that these improvement are 
statistically significant. Further analysis showed that DSG either 
reduces severity of or eliminates some voltage sags. In addition, the 
number of expected trips due voltage sags is reduced with DSG, 
for any voltage sensitivity level assumed. The study concluded that 
incorporation of distributed synchronous generation is beneficial 
to the improvement of voltage sags and this should be a further 
incentive for their integration, especially into weak networks. 
 

Index Terms—Distributed generation, quality of supply, voltage 
sags, Wilcoxon Signed Rank Sum Test  
 

I. INTRODUCTION 
HE traditional electrical supply structure is characterized 
by large, centralized generation plants located near primary 

energy sources. In the recent past, there has been a steady and 
significant growth in the uptake of distributed generation (DG) 
which may broadly be described [1] as sources of power that 
are closer to the consumption point and are sufficiently smaller 
than central generation plants.  

It is estimated that the installed capacity of DG [2] will 
almost double from 2014 levels of 88 GW to 165 GW in 2023 
and the financial investment will [3] grow from $150 billion in 
2012 to $ 206 billion in 2020.   

Among the key factors [4] that have led to increased 
penetration levels of DG are the need to diversify the energy 
mix for energy security, the need to protect the environment 
from emissions, technical advances that have been made in 
distributed generation technology, and the liberalization of the  
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electric power markets to bring more generators to the grids. 
Further, other benefits of connecting DG include, inter alia, [5] 
possibility to defer network expansions, modularized power 
plants, ease of finding sites as plants are smaller, shorter 
construction times, and siting of plants closer to loads resulting 
in lower system technical loss.   

With such high expected levels of penetration, the impacts of 
incorporating DG on quality of supply (QoS) need to be 
understood so ensure that minimum QoS levels [6] are met. 
Voltages sags, which according to the IEEE Standard 1159-
1995 [7] are described voltage as reductions in root means 
square voltages to values between 0.1 and 0.9 per unit for 
durations in the range of 0.5, cycles and one minute, are one of 
the QoS phenomena that lead to most interruptions.  

Voltage sags primarily affect the customers and are major 
contributors to the unwanted trips. A literature review on the 
impact of generators on voltage sags identified several 
publications. These studies include the evaluation of the effect 
of transmission and distribution system faults on voltage sags 
for a load connected at low voltage by Ramos et al. [8], 
investigation by Rojas et al. into how the number and locations 
of DG units affect voltage sags [9], and the assessment by 
Ramos et al. of how the system short circuit level, rated output 
of DG and model of generator used [10] affect voltage sags.  

Further studies include that conducted by García-Martínez 
and Espinosa-Juárez [11] on how penetration levels of DG 
influence voltage sags and that by Renders et al. [12] on the 
impact of different types of DG units (i.e., converter-connected, 
asynchronous and synchronous) on voltage sags.  

The studies on the impact of DG on voltage sags reported 
above were conducted on the basis of a single fault at one 
location only. These studies do give insights into the impacts, 
however, voltage sags do depend [13] on location of a fault in 
the network and, realistically, faults can occur anywhere on the 
system. Thus, improved insights can be obtained by considering 
many fault locations in the system.  

In this paper, the main aim of the authors is to use a stochastic 
approach to study the impact of a distributed synchronous 
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generator (DSG) on voltage sags at a monitoring point 
considering system-wide occurring faults. The specific 
objectives and contributions of the paper are as follows: 

 
 To assess whether incorporation of DSG has the impact on 

the magnitudes of remaining voltages, following system-
wide faults, at a monitoring bus. A stochastic method for 
estimating the expected number of voltage sags based on 
the method of fault positions that is developed in [14] is 
utilized in this paper. Transient stability studies are then 
used to determine magnitudes of remaining voltages at the 
monitoring point following faults at various locations 
along the lines. 

 To evaluate the impact of incorporation of DSG on the 
probability of having higher remaining voltages following 
faults. The Wilcoxon Signed Rank Sum Test will be 
conducted to assess whether the changes in voltage 
magnitudes to incorporation of DSG are significant. 

 To determine the impact of incorporation of DSG on the 
expected number of voltage sags. 

 
The remainder of the paper is structured as follows. Section 

II explains how DSG impacts on voltage sags. In Section III, 
the method of fault positions used in the estimation of the 
expected number of voltage sags is discussed. The Wilcoxon 
Signed Rank Sum Test to be used for statistical comparison of 
two populations of voltages is presented in Section IV. The 
methodology of the case study (Section V), results and 
discussion (Section VI), and conclusions (Section VII), form 
the remainder of the paper. 

II. ANALYSIS OF IMPACT OF DISTRIBUTED SYNCHRONOUS 
GENERATION ON VOLTAGE SAGS  

In Fig. 1, a radial power system with a sensitive load located 
at the point of common coupling (PCC) is shown within the 
dotted box, with a distributed generator connected at the PCC. 
In the absence of distributed generation, the voltage at the PCC 
following a fault is the voltage sag experienced by the load and 
by applying the voltage divider rule [15], this voltage can be 
expressed as 
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where VSAG is the voltage at the PCC following a fault, ZF is the 
impedance between the location of fault and PCC, and ZS is the 
source impedance at the PCC. 

If DSG with an internal reactance of Z4 is incorporated at the 
PCC using a reactance Z3, the sensitive load is located at the 
terminals of the DSG. The DSG will mitigate the severity of 
voltage sags [7], firstly, by increasing the short circuit strength 
of networks, which is more beneficial in weak networks, 
although care has to be taken not to exceed fault ratings of 
switchgear. 
 

 
Fig. 1.  Radial network supplying a sensitive load shown in the dotted box,          
with distributed generation connected at the PCC. 

 
Secondly, the DSG reduces the severity of voltage sags in the 

system during faults by maintaining the voltage at its terminals 
by feeding into faults. By applying the voltage divider rule in 
Fig. 1 above, between points EL (letting EL=1 per unit) and the 
PCC, the expression for voltage sag, VSAG, experienced by the 
load during a fault can be written as 
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III. ESTIMATION OF THE EXPECTED NUMBER OF VOLTAGE 
SAGS 

In order to determine how a system performs from a voltage 
sag perspective, information about the expected number of 
voltage sags [7] is critical in order to determine the appropriate 
measures to design customer facilities to ensure least impact on 
their production. This is usually described as the number of 
expected voltage sags/annum [16] at a particular node in the 
system. 

The most direct way of obtaining this information is by 
power quality monitoring. However, this requires long periods 
if accuracy is to be reasonable and is influenced by network 
changes which can affect credibility of results. Also, this 
method cannot be used to assess performance of future 
networks. An alternative [17] is to use probabilistic prediction 
methods to obtain the information, with the advantages that 
information becomes available instantly and performance of 
future networks can also be assessed. These probabilistic 
methods have been used in both analytical assessments [17, 18] 
and in simulation-based studies [19-21]. 

A stochastic method for estimating the expected number of 
voltage sags based on the method of fault positions is developed 
in [14]. This method is then implemented in [22] and used to 
compare the expected voltage sag performance of various 
topologies of distribution networks.  
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This method is used again in [23] to assess the impact of 
different transformer winding arrangements on the propagation 
of voltage sags, caused by faults in higher voltage networks, to 
lower voltage areas.  

The method of fault positions is utilized in the research 
reported in this paper. The key features of this method are 
 Selection of a number of discrete positions along a line that

are placed at equal distances.
 Thereafter, faults at applied at these positions and the

magnitudes of remaining voltage at each position are
recorded. If a large number of positions is chosen, the
accuracy of results will be increased.

 Calculation of the expected number of critical voltage
sags/annum. The procedure for calculating the total
number of voltage sags at bus 1 due to single phase to
ground faults in the system can be encapsulated by the
expression (3)

     (3) 

where N1ϕ is the total number of expected critical voltage 
sags/annum for the system, n is the number of lines in the 
system, li is the length of line i, historical λq is the faults/
km/annum, p1ϕ is the probability of having a single phase 
to ground fault, and ρsag(i) is the probability of a voltage 
sag at bus 1 due to a fault on line i. 

IV. SIGNED RANK SUM TEST IN STATISTICAL COMPARISON OF
POPULATIONS 

The key element in this study determining the magnitudes of 
voltages remaining at monitoring point following the faults 
occurring at the predetermined points on the lines. The 
magnitudes are calculated before and after installing DSG. Two 
voltages are thus recorded for each fault location studied and 
this experiment constitutes a matched pair experiment. The two 
resulting populations of data, before (population 1) and after 
DSG (population 2), can be compared to determine if DSG has 
impact on voltage sags. 

Nonparametric approaches, i.e., those that do not rely on 
knowing the distribution that describe a population, can be used 
to compare two populations of data. The main concern is 
determining whether the locations of the two populations are 
the same, population 1 is to the right of population 2, or 
population 2 is to the right of population 1. 

In the case of this study, i.e., a matched pair experiment with 
observations being interval data, the Wilcoxon Signed Rank 
Sum Test [24] is the appropriate nonparametric technique to 
use. In order to carry out the test, the following steps are 
involved: 
 The null and alternative hypotheses are as follows:

H0: The locations of the two populations are the same, i.e.,
the median of the differences of magnitudes of paired
voltages (observation from population 1 – observation
from  population 2) is zero (0).
H1: The location of population 2 is to the right of the
location of population 1, i.e., the median of the differences
of magnitudes of paired voltages is greater than zero (0).

 Calculate the difference for each pair of observations, di =
yi - xi, where xi is from population 1 and yi is from
population 2. Eliminate all the instances where the
difference is 0.

 Rank the nonzero dis, ignoring the signs, i.e., assign rank 1
to the smallest /di/, rank to next, until all differences have a
rank. Assign an averaged rank for ties.

 Determine the sum of positive dis (W +) and negative dis
(W -). As a check, confirm that equation (4) below, holds,
where n is the number of pairs of observations in the
sample.

2
)1( 

  nnWW
   (4) 

 Select W+ as test statistic, W.
 For large samples (n > 30), the test statistic, W is

approximately normal and with mean

4
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and standard deviation 
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and thus the standardized test statistic is 

W

WEWz


)(
    (7) 

 At a specified significance level, α, the null hypothesis is
rejected in favour of the alternative (signifying the median
is greater than zero and population 2 is to the right of
population 1), both as described above, if z > zcritical.

 Alternatively the null hypothesis is rejected if the
probability value (p-value) of the standard normal score (Z)
is less than the significance level (α), i.e., If p-value < α,
then H0 is rejected otherwise we do not reject H0.

V. CASE STUDY: DESCRIPTION OF THE METHODOLOGY

This section discusses the details of the case study done. The 
Power System Simulator for Engineering (PSS/E) [25] software 
was used. The single line diagram of the network used is shown 
in Fig. 2. The network comprises a 150 kV level that is linked 
to a 20 kV component via a step down transformer. 

Fig. 2.  Single line diagram of the network used in the case study [23]. 
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Tables I and II contain data for lines and loads, respectively. 
The generator data is summarized in Table III, with bus 8 being 
the system’s swing bus. For the DSG case, a synchronous 
generator is connected to bus 1, the monitoring point. To 
represent the dynamics of the generators, the PSS/E round rotor 
machine model, GENROU, is used. For the exciter, the model 
IEEET2 is utilized. 

 
TABLE I: LINE DATA USED IN STUDY.  

Buses i-j Positive & 
Negative 

Sequence Data 
(Ω per 

unit/km)  

Line 
Charging 
(S per unit 

/km) 

Zero 
Sequence 

Data (Ω per 
unit/km) 

1-2, 2-3, 3-4 0.22+j0.37 0.003000 0.37+j1.56 
2-5, 3-6 1.26+j0.42 0.001000 1.37+j1.067 

7-8, 8-9, 7-9 0.097+j0.39 0.010000 0.497+j2.349 
 

TABLE II: LOAD DATA USED IN STUDY. 
Load Bus MW MVAr 

1 1.07 0.1 
4 1.07 0.1 
5 1.07 0.1 
6 1.07 0.1 
5  1.07 0.1 

 
TABLE III: GENERATOR DATA USED IN THE STUDY. 

Generator 
Bus 

MW  
(rated) 

MW 
(output) 

MVar  
(rated) 

MVar 
(output) 

8  10 3.7 10 2.2 
9 10 3.0 10 3.8 

 
The approach taken in the case study is explained as follows: 
 Set-up a properly solving loadflow model, incorporate 

dynamic data for generators and controllers, and run 
transient stability simulations, ensuring that the system 
initializes correctly. 

 Apply a fault in the simulation and record the magnitude of 
the remaining voltage on the faulted phase at the 
monitoring point (i.e., bus 1). 

 Carry out the studies for every 5% of the length of the line 
and for all lines. Four fault types (i.e., single phase to 
ground, phase to phase, phase to phase to ground, and three 
phase faults) are evaluated. This translates to 672 
individual transient stability runs. 

 The probabilities of occurrence of faults of various types 
assumed are as shown in Fig. 3. 
 

 
Fig. 3.  Probability of occurrence of various fault types used [23]. 
 

 In order to calculate the number of faults occurring on a 
particular line [23], one (1) and 0.1 fault/km/annum are 
assumed for 20 kV and 150 kV lines, respectively.  

 Classify remaining voltage magnitudes into ranges of 0.1, 
from first range of 0.0 to 0.1, to the penultimate range of 
0.8-0.9 and a final range of all magnitudes greater than 0.9 
kV per unit. 

 Calculate the differences in voltage magnitudes, 
subtracting base case voltage from DSG case and classify 
them into same ranges as in the most previous case. 

 Perform the Wilcoxon Signed Rank Sum Test to assess if 
population 2 (i.e., sample of voltage with DSG) is to the 
right of population 1. Here, test is aimed at determining 
whether, at a specified significance level of α=0.05, if DSG 
leads to higher voltages remaining following faults. This 
analysis is carried out in JMP [26] software, and version 7 
is used.  

VI. RESULTS AND DISCUSSIONS  
The magnitudes of remaining voltages at the monitoring 

point (bus 1) on the faulted phase at bus 1 for faults applied 
along various lines in the network are presented in Fig. 4. For 
all fault locations and for all fault types, the graphs show that 
the introduction of distributed synchronous generators lead to 
improved magnitudes of remaining voltages after occurrence of 
faults. Most noteworthy improvements are observed in lines 7-
8, 7-9, and 8-9 for phase to phase, phase to phase to ground and 
3 phase faults in the DSG case. 

For the base case, results similar to the ones presented here 
were obtained in a study in the paper in [23]. In that paper, the 
authors aimed at assessing the effect of transformer winding 
configuration on propagation of voltage sags in the network. 
They used the same network as in the study here, but used 
PSCAD/EMTDC software to determine magnitudes of 
remaining voltages following faults. They obtained voltage 
profiles that are identical to those in Fig. 4. 

The remaining voltages from above were then classified into 
ranges, shown in Figure 5, and the count in each range 
determined. There is a discernible change in the profile of the 
counts from base case to SDG case. With the introduction of 
SDG, counts of voltages in the lower ranges are markedly 
reduced, while the counts in the higher ranges increase 
profoundly. Many of these voltage sags are either ameliorated 
to less severe sags or are eliminated completely. 

The differences (voltage in base case subtracted from DSG 
case) in magnitudes were calculated and counts of those falling 
in the ranges described above were made. The results are shown 
in Fig. 6.  None of the differences in magnitudes are less than 
or equal to 0, showing a general improvement in voltages with 
the introduction of DSG.  

Further to the results above, the results of the Wilcoxon 
Signed Rank Sum Test conducted to assess whether the 
improvement in voltages could be claimed at a level of 
significance of α=0.05 were statistically significant, are shown 
in Table IV. The test showed that the median of differences was 
statistically significantly higher than zero (p<0.001). Thus, 
there is enough evidence to reject the null hypothesis, and 
concluded that the incorporation of DSG leads to the remaining 
voltages with higher magnitudes following faults.  
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Fig. 4.  Magnitudes of remaining voltage on the faulted phase recorded at bus 1 for faults on various lines. A graph on the left is for Base Case and on the right 
hand side is a graph for the case with DSG at bus 1. The following abbreviations are used to describe faults types: pg is phase to ground fault, pp is phase to phase 
fault, ppg is phase to phase to ground fault, and 3p is three phase to ground fault.  
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Fig. 5.  Distribution of magnitudes of remaining voltages on faulted phases for 
Base Case (top) and DSG Case (bottom). Data obtained for all four fault types 
was used. 

 
Based on the discussion in Section III, the calculation of the 

number of expected voltage sags per annum is illustrated in 
Table V, with the case of voltage sags due to single phase faults 
used. In this illustration, the critical voltage chosen is 0.6 kV, 
i.e., the voltage at the monitoring bus below which a sag is 
declared following a fault.  

The expected number of voltage sags for various types of 
faults are then calculated following this procedure. In Fig. 7, the 
expected number of critical voltage sags per annum for Base 
Case and DSG Case, by fault type and according to various 
voltage criteria, are presented. For all fault types and for all 
voltage criteria, the expected number of critical voltage sags is 
reduced substantially when DSG is installed.   

 
Fig. 6.  Counts of the differences in magnitudes of voltages (voltage in 
population 2 subtracted from that in population 1), classified and counted 
according to the severity of the difference led to statistically significant 
improvement in voltages. 
 

TABLE IV: SUMMARY OF THE WILCOXON SIGNED RANK SUM TEST. 
 

Level of Significance α=0.05 

Hypothesized Value of Median 0 

Test statistic 226128 

p-value <0.0001 

 
The number of critical voltage sags are calculated for various 

voltage sensitivity thresholds and are plotted for Base Case and 
DSG Case. As expected, the number of critical voltage sags 
increases as the voltage sensitivity threshold is increased in both 
Base Case and DSG Case. When comparing the results for the 
two cases, it can be observed that the number of critical voltage 
sags, for each fault studied and irrespective of the threshold 
considered is less for the DSG Case than the corresponding 
number for Base Case. 

It can be inferred that the incorporation of DSG leads to more 
robust networks that are better able to deal with faults and 
associated adverse effects of reduction in voltages, and 
ultimately, the number of expected voltage sags that can be 
experienced by the power system. 

 
 
 

TABLE V. CALCULATION OF THE NUMBER OF CRITICAL VOLTAGE SAGS FOR A SINGLE PHASE FAULT AND A CRITICAL VOLTAGE OF 0.6 PER UNIT KV 
Type of 

Fault 
Voltage 
Level 

Name of a 
Line 

Fraction of 
Voltage Sags, 

ρsag(i)   

Length 
of Line 
(km),  

Expected 
Number of 

Faults on Line 
i  per Annum 

Expected Number 
of Single Phase 

Faults on Line i per 
Annum 

Expected Number of 
Sags per Annum Due 

to Single Phase 
Faults on Line i 

Total Number of 
Critical Voltages 

Sags due to Single 
Phase Faults, N1ϕ 

 
 

Single 
Phase to 
Ground 

150kV Line [7-8] 0.190 500 50.00 40.00 7.62  
 
 

30.43 

150kV Line [7-9] 1.000 100 10.00 8.00 8.00 
150kV Line [7-8] 0.190 500 50.00 40.00 7.62 
150kV Line [7-9] 1.000 100 10.00 8.00 8.00 
150kV Line [8-9] 0.810 200 20.00 16.00 12.95 
20kV Line [1-2-3-4] 0.095 30 30.00 19.50 1.86 
20kV Line [2-5] 0.000 5 5.00 3.25 0.00 
20kV Line [3-6] 0.000 5 5.00 3.25 0.00 
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Fig. 7.  Expected number of critical voltage sags per annum for various voltage criteria and for different fault types for Base Case and for case with DSG. 

 

VII. CONCLUSION 
In this paper, the authors have studied the impact of a 

distributed synchronous generator on voltage sags at a 
monitoring point, considering system-wide occurring faults, 
using a stochastic approach based on the method of fault 
positions. The study demonstrated that the incorporation of 
DSG had the effect of improving the magnitudes of remaining 
voltages at the monitoring point following faults in the system.  

Further, the study also showed that the probability of having 
higher remaining voltages following faults increased with the 
incorporation of DSG. Lastly, the investigation showed that 
number of expected voltage sags was reduced when DSG was 
incorporated into the system. 

It can thus be concluded that incorporation of DSG leads to 
a more robust system that is less prone to adverse impacts of 
general voltage reductions, and specifically voltage sags, 
following system-wide faults. Thus, DSG enables a more 
reliable operation in which disruption of customer operations 
and associated financial losses can be reduced.  
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