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Abstract--This paper introduces Pareto design of the 
decoupled fuzzy sliding mode controller (DFSMC) based on a 
hybrid optimization algorithm for a number of fourth-order 
coupled nonlinear systems. In order to achieve an optimal 
controller, at first, a decoupled fuzzy sliding mode controller is 
utilized to stabilize the fourth-order coupled nonlinear systems 
around the equilibrium point. Then, a robust hybrid 
optimization algorithm is employed to enhance the capabilities 
of the control system. The mentioned algorithm is an optimal 
combination of artificial bee colony (ABC) and bacterial 
foraging (BF) algorithms enjoying the advantages of both. To 
evaluate this algorithm and to challenge its capabilities, firstly, 
the required test functions and evaluation criteria have been 
defined, and then, the results have been compared to those of 
the well-known algorithms including NSGAII, SPEA2 and 
Sigma MOPSO. The comparison illustrates the superiority and 
more accurate performance of this novel hybrid algorithm. 
Moreover, juxtaposition of Pareto solutions offered by the 
proposed method and the true optimal Pareto front 
demonstrate that the proposed algorithm is able to accurately 
overlap the true solutions. Eventually, by simulating three 
nonlinear systems, i.e. the inverted pendulum, ball and beam, 
and seesaw via MATLAB software and choosing proper 
objective functions, the coefficients of control law for both 
decoupled sliding mode and decoupled fuzzy sliding mode 
controllers are optimized so as to reach the most optimal 
performance for these dynamic systems. Simulations indicate 
that the decoupled fuzzy sliding mode controller surpasses the 
non-fuzzy counterpart in terms of accurately controlling the 
aforementioned systems. This technique can optimally stabilize 
the system states at their equilibrium points in a relatively short 
time. Besides, in order to validate the solutions obtained in this 
paper, they are compared with previous works. 
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I. INTRODUCTION 
HERE have been numerous control methods to inspect 
the control behavior of nonlinear systems [1-9] among 

which sliding mode control is renowned as a prominent 
technique for controlling these systems due to its significant 
advantages such as robustness to parameters change, rapid 
dynamic response, stability assurance, external noise 
repelling, and the simplicity in design and implementation 
[1]. Although the sliding mode controller can control second-
order systems favorably, this feature is not simply feasible 
for the fourth-order coupled systems [10]. As a resolution to 
this problem, such systems can be converted to the canonical 
form on which the sliding mode controller is perhaps 
applicable. However, this conversion includes the 
disadvantage of heavy calculations. The other solution is to 
utilize the decoupled sliding mode sample. In this method, 
the decoupled sliding mode theory can be applied without 
converting the system to its canonical form [11]. 
Nevertheless, the discontinuous behavior of sliding mode 
controllers, when system states reach the sliding surface, 
causes the undesirable chattering phenomenon [12, 13]. 

Another method to control nonlinear systems is the fuzzy 
control. Theories of fuzzy logic and fuzzy sets were first 
presented by Zadeh [14,15]. Fuzzy systems have been 
applied in many fields of science such as control, medicine, 
economics, management, business and psychology. 
However, the bulk of the studies and experiments have been 
implemented in the field of control [16-23]. Fuzzy control is 
mostly used in complex, badly defined, non-linear, and time-
variable systems. 

Fuzzy rules can provide simple conditions for controlling 
a variety of dynamic systems. This simplicity is due to the 
fact that fuzzy controllers do not usually require a precise 
mathematical model of the controlled system. In recent years, 
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the combination of sliding mode and fuzzy controllers has been in the center of attention of many researchers [24-32]. 
In order to maximize the quality of controllers and the 

performance of a dynamic system, control coefficients can be 
optimized by selecting proper objective functions so that the 
design objectives are well-met. Nonetheless, it should be 
noted that when it comes to complicated structures and 
constraints along with multiple contradictory objectives, 
solving optimization problems through classical and 
analytical methods, may be arduous and in some cases 
unfeasible [33]. In this state, evolutionary algorithms can play 
a significant role. Some of the most acknowledged algorithms 
are genetic algorithm (GA) [34-38], particle swarm 
optimization (PSO) [39-43], artificial bee colony (ABC) [44-
50], bacterial foraging (BF) [51-54], simulated annealing 
(SA) [55-57], and cockroach colony optimization (CCO) [58, 
59] which are all numerical methods inspired by nature. Each 
of these algorithms has its own strengths and weaknesses due 
to its unique qualities. Recently, in order to better exploit the 
strengths and to abate the weaknesses, various combinatorial 
algorithms have been introduced [60-67]. In this study, a 
hybrid optimization algorithm, presented in [65] is utilized to 
optimize control problems. In the methodology, ABC and BF 
algorithms are optimally combined and have yielded a novel 
and practical hybrid algorithm for solving optimization 
problems in both single-objective and multi-objective areas. 

II. OPTIMIZATION 
Optimization is simply known as a branch of mathematics 

and computation science which studies the methods to find 
the best answer for an optimization problem. The 
optimization theory investigates the quality of spotting the 
best answer, and therefore, detecting the more optimal as well 
as valuation of desirable and undesirable must be well 
defined. This theory is about investigation of the optimum 
points and the methods for finding them [68]. The optimal 
answer of an optimization problem is the extremum of its 
objective function. In most cases, the problem would be 
regarded as a minimization problem, without lacking 
integrity. Thus, the optimal resolution of an optimization 
problem is the point which minimizes the objective function, 
and the ultimate purpose of optimization is to find such a 
point. The objective function, on the other hand, constitutes 
the item that needs to be optimized, and is classified into 
single-variable and multi-variable. These variables, also 
known as decision variables or optimization parameters, 
should be explored using optimization techniques so that the 
objective function is optimized. 

Optimization problems can be expressed in different forms 
based on the number of objective functions, properties of the 
functions, constraints, and others [69]. In the following, the 
problems are classified with respect to their objective 
functions. 

A. Single-Objective Optimization 
A single-objective optimization problem, as it reveals, has 

only one objective function to be optimized. This function, 
however, can hold several decision variables. A single-
objective optimization problem can generally be expressed as 
follows: 

1 2Find : = [ ]
To optimize : ( )

( ) = , = 1, 2, ...,
Subject to :

( ) , = 1, 2, ...,

T
n n

i

j

X x x ...x R
f X

g X 0 i p
h X 0 j q



 
  

        (1) 

in which, ( )f X  represents the only objective function, X  
indicates the decision variable vector, g  is the equal 

constraint, and h  shows unequal constraints. 
B. Multi-Objective Optimization 

In the majority of optimization problems, more than one 
objective function is regarded by designers. In such problems, 
two or more contradicting objectives need to be optimized 
simultaneously. The standard form of a multi-objective 
optimization problem is as follows: 

 
1 2

1 2

Find : = [ ]

To optimize : ( ) = [ ( ) ( ) ( )]
( ) = , = 1, 2,

Subject to :
( ) , = 1, 2, ...,

T
n n

T
m

i

j

X x x ...x R
F X f X f X ... f X

g X 0 i ..., p
h X 0 j q



 
  

     (2) 

where ( )F X  is the objective function. 
Unlike the single-objective problems which contain only 

one optimum point, the multi-objective optimization 
problems lead to finding a series of optimum points which are 
not superior to each other. In this set of problems, dissimilar 
to single-objectives, a collection of design vectors is obtained 
as the final answer called the Pareto points. The designer can 
select any of these points as the optimum answer respecting 
the requirements of design. 

III. ARTIFICIAL BEE COLONY AND BACTERIAL FORAGING 
Artificial bee colony (ABC) algorithm was first introduced 

by Karaboga on the basis of the exploring behavior of honey 
bees. In this method, each of the bees tries to obtain the best 
solution, respecting probability laws, through direct 
interacting and sharing information. In this algorithm, the 
locations of new food resources are determined using the 
following equation: 

= ( )ij ij kjij
v x x x                            (3) 

where   is a random number between 1 and -1; i  and j   
indicate the number of position and the number of food 
resource, respectively; and k  is also generated arbitrarily and 
differs from i . 

The original concept of bacterial foraging (BF) algorithm 
is based on the fact that in nature, organisms equipped with 
poorer foraging approaches are more prone to distinction than 
those having stronger foraging strategies. Passino [51], as 
well as Liu and Passino [52] proposed the BF algorithm, 
inspired by the foraging behavior of bacterium Escherichia 
coli (E. coli) in human intestine, as a novel solution to 
optimization problems. This algorithm stands on four stages. 

A. Chemotactic 
In this phase, each bacterium picks a route for its 

maneuver. If a bacterium detects a better food source on the 
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new route, it tends to move in that direction (swimming 
motion). 

B. Swarming 
When a bacterium discovers a better route for more food, 

it attracts other bacteria to take the route more easily as a 
group. 

C. Reproduction 
Half of the bacteria that didn’t succeed to reach food die 

and the other half will split into two bacteria. 

D. Elimination and dispersal 
This stage prevents the bacteria from being trapped in 

local optimum points. Each bacterium is in danger of 
elimination and dispersal with the probability of edP , in each 
iteration. 

New food source location in this algorithm is determined 
as: 

Δ=
Δ ΔT

v x c                              (4) 

in which, v  and x  indicate new and old food source locations, 
respectively; c is a constant and equals to 0.01; Δ  is a unit 
vector having the same dimension as X , and each of its 
components is a random number between –1 and 1. 

IV. THE PROPOSED OPTIMIZATION ALGORITHM: ABC IN 
CONJUNCTION WITH BF 

The purpose of this algorithm which is a combination of 
ABC and BF is to utilize the merits of both algorithms and to 
introduce a novel and robust one so to tackle multi-objective 
optimization problems. The details of this novel algorithm are 
as follows stages: 

Stage 1. 
An initial population is arbitrarily generated regarding the 

domain and dimension of the problem using the following 
equation: 

min max min= rand ( )x x x x                       (5) 

where maxx  and minx are the upper and lower bounds for 
design variables. At this stage edP  and sN  must be set, which 
in here are taken as 0.25 and 3, respectively. edP  denotes the 

elimination probability of member i , while its second 
random selection defines the domain of the problem. sN , on 
the other hand, determines the number of admissible 
swimming stages. Note that, responses related to the initial 
population are calculated in this stage. 

Stage 2. 
This stage happens in a repeat loop and it doesn’t cease 

unless the number of iterations reaches its maximum: 
a. Selecting half of the population arbitrarily and 

determining their new locations using ABC algorithm 
employing equation (3): In this stage if the new 
location surpasses the previous one, the former 
replaces the latter. 

b. Selecting the other half of the population and setting 
new locations for them based on the BF algorithm as 
in equation (4). 

c. Replacing the inferior half by the superior member of 
the whole population. 

d. Elimination and dispersal operation for all members 
of the population. 

Stage 3. 
Announcing the best member among the whole population 

and the solution resulted from it. 

V. THE PROPOSED MULTI-OBJECTIVE OPTIMIZATION 
ALGORITHM: ABC IN CONJUNCTION WITH BF 

In order to utilize the proposed algorithm in multi-
objective optimization operation, the following steps are 
implemented: 

A. Detecting the Non-Dominant Solutions and Saving Them 
in the Archive 

In each iteration, a set of solutions which are not superior 
to each other are collected in the archive. 

B. Limiting the Archive via Neighborhood Radius 
If all the non-dominant solutions are stored in the archive, 

then soon it will expand in size and causes dullness in the 
algorithm performance. In this study, a technique called 
neighborhood radius has been employed to prune the archive. 
Each of the available solutions is supposed to have a radius r. 
According to this technique, if the Euclidean distance 
between two answers falls shorter than r , one of them will be 
eliminated. 

C. Using the Sigma Method 
In this method, each member selects a response from the 

archive as its best response in each iteration. At first, the 
sigma equation is calculated for all the members of 
population together with all the archive members. Then, the 
absolute distances between each member’s sigma and the 
sigma of all archive members are calculated. The lowest 
value shows the member of the archive with the best 
response. The following equation shows how this step works: 

2 2
1 2
2 2

1 2

σ =
f - f
f + f                                   (6) 

where, 1f  and 2f  indicate the first and second objective 
functions. The latter equation is mostly utilized for two-
objective optimization problems. However, it can easily be 
extended to problems with more than two objective functions. 
For instance, for three-objective problems, the following can 
be used: 

2 2
1 2

2 2
2 3
2 2

3 1
2 2 2

1 2 3

σ =

f - f
f - f
f - f

(f + f + f )

 
 
 
 
                                (7) 

where, 1f , 2f  and 3f  represent first, second and third 
objective functions, respectively. 

VI. THE EVALUATION OF THE PROPOSED SINGLE-
OBJECTIVE OPTIMIZATION ALGORITHM 

To evaluate the proposed algorithm for single-objective 
optimization problems, five evaluating functions are utilized. 
Table I illustrates two required features of these functions: the 
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search range and the acceptance solution value. Among these 
five functions, all borrowed from the work of Yao et al. [70], 
three are unimodal and the other two are multimodal. 
Unimodal functions possess only one optimal answer, while 
multimodal functions have some local optimal answers in 
addition to the universal one. To verify the proposed method, 
the results are compared to four well-known and efficient 
algorithms, i.e. PSO, ABC, BF and multi-crossover genetic 
algorithm, in terms of response accuracy and convergence 
speed. In all the experiments, the population size, the 
dimensions, and the function value calculation cost are 
assumed to be 20, 30 and 20×105 respectively, while the 
objective is to minimize the functions. Therefore, the results 
of each algorithm are averaged for each of the evaluation 
functions in 30 runs. 

A. Evaluating Accuracy of Results 
Accuracy of the proposed algorithm results, through 30 

independent runs, has been portrayed in Table II which 
contains mean, standard deviation, median, minimum, and 
the maximum optimal responses. As it is illustrated, this 
algorithm yields a better performance for four evaluation 
functions, i.e. Sphere, Rosenbrock, Quadric and Rastrigin. 
For the Ackley, standard deviation calculated by ABC 
algorithm is superior to others, however, this superiority is 
negligible in comparison with the proposed algorithm. 
Moreover, in the remaining categories the proposed 
algorithm shows better results. 

B.  Evaluating the Speed of Convergence 
Convergence speed which is defined as the required 

number of calculations for function value so to achieve an 
acceptable solution plays a vital role in realistic optimization 
problems. In this section, convergence speed of the proposed 
algorithm is compared to those of the aforementioned 
algorithms with regards to evaluation functions presented in 
Table I. For each algorithm, mean, standard deviation, and 
convergence speed percentage in 30 independent runs have 
been calculated for each of the evaluation functions and listed 
in Table III. As it can be seen, the proposed algorithm 
surpasses conventional algorithms in terms of convergence 
speed. The number of achieving an acceptable solution out of 
30 times of experiment, also known as convergence 
percentage, for both of the proposed and the BF algorithms is 
equal to 100, which means they outweigh other algorithms. 
For the Rastrigin function, the mean and the standard 
deviation values resulted from BF algorithm are superior to 
those of the others. It is noteworthy that for this function, the 
proposed algorithm offers better solutions than the other 
three. Furthermore, the deviation values obtained by BF 
algorithm for Sphere and Rosenbrock functions are more 
favorable than the other algorithms; however, they are not 
much different than the same values achieved by the proposed 
algorithm. As it is evident, the proposed algorithm is superior 
in the remaining criteria. 

VII. THE EVALUATION OF THE MULTI-OBJECTIVE 
PROPOSED OPTIMIZATION ALGORITHM 

In order to evaluate the proposed hybrid algorithm for 
multi-objective optimization problems, four renowned multi-
objective test functions, listed in Table IV, are employed. The 
solutions resulted from this algorithm are compared to those 

of the three other well-known optimization algorithms. 
Further, the regulation parameters of these three are shown in 
Table V. To compare the quantitative performance of multi-
objective optimization algorithms, three criteria have been 
regarded. 

A. The Metric System of Generational Distance 
This metric system is a proper criterion to find the distance 

between obtained non-dominated solutions and the true 
Pareto optimal front. This metric system is calculated by 
using equation (8). 

2

1=

n

i
i

d
GD

n



                                     (8) 

where, n  is the number of non-dominated solutions and id  

is the minimum Euclidian distance between member i  of 
non-dominated solutions and the true optimal Pareto front. 
Indeed, if all members of non-dominated solutions be placed 
on the Pareto front, then = 0GD . 

B. The Metric System of Diversity 
Evaluates the distribution of non-dominated solutions. It is 
represented by symbol Δ  and computed through equation 
(9). 

1

=Δ = =
1( 1)

n n

f l i i
i =1 i 1

f l

d d d d d
, d

nd d n d


   

  
                 (9) 

where, ld  and fd  indicate the Euclidian distances between 
limited and marginal solutions, respectively. ld  is the 
Euclidian distance between resulted non-dominated 
solutions. To obtain the most scattering non-dominated 
solutions, it is assumed that Δ 0= . 

C. The Metric System of Maximum Spread 
This metric system examines the quality of the optimized 

Pareto front using extreme values of the true and the newly 
optimized Pareto fronts, and it is calculated as follows: 

 
2max max min min

max min
=1

min max
=

n
i i i i

i i i

(f ,F ) (f ,F )1MS
M F F

 
   

 (10) 

where, M  is the number of functions, min
if  and max

if  are 
the minimum and maximum values of the ith objective 
function in the obtained non-dominated solutions. min

iF  and 
max

iF  refer to the minimum and maximum values of ith 
objective function of the true Pareto front. Similarly, to have 
a maximum spread of the non-dominated answers, it should 
be assumed that =1MS . 

Results and the average values of the aforementioned 
metrics, obtained from 30 runs of the algorithms on the multi-
objective test functions, are shown in Tables VI-IX. Each 
algorithm’s stopping criterion is considered to be 150 
repetitions for each run and the population size is taken as 
100. In this respect, a set of 500 responses of true Pareto front, 
uniformly distributed in the space of objective functions, is 
utilized. As it can be observed, for the multi-objective test 
functions listed in Table IV, the proposed algorithm yields 
better responses than other algorithms in terms of all metric 
systems. For further investigation, the non-dominated 
solutions obtained by this algorithm are shown in Figs. 1-4 
alongside the true optimal Pareto front. As the figures  
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illustrate, Pareto fronts of the proposed algorithm are quite 
close to the true optimal solutions. In fact, it overlaps the true 
solutions with high precision. 

VIII. SLIDING MODE CONTROL (SMC) AND DECOUPLED 
SLIDING MODE CONTROL (DSMC) 

State space equations of a nonlinear fourth-order system is 
considered to be: 

1 2

2 1 1 1

3 4

4 2 2 2

=
= ( ) ( )
=
= ( ) ( )

x x
x f x +b x u
x x
x f x +b x u

                       (11) 

where, 1 2 3 4= [ ]Tx x x x x  is the state vector; 1f , 2f , 1b  
and 2b  are nonlinear functions; and 1u  and 2u  indicate the 
control inputs. Further, two sliding surfaces are defined as 
following: 

1 1 1 2=S c x x                                 (12) 

2 2 3 4=S c x x                                (13) 
in which, 1c  and 2c  are the positive constants. According to 
sliding mode control theory, control laws can be defined as: 

   
 

1 1 1 2 1
1 1 1 1

1 1

ˆ ˆ= , =
S b x c x f x

u u k sat u
q b x

  
  

 
     (14) 

   
 

2 2 2 4 2
2 2 2 2

2 2

ˆ ˆ= , =
S b x c x f x

u u k sat u
q b x

  
  

 
   (15)

 

TABLE I 
SINGLE-OBJECTIVE OPTIMIZATION TEST FUNCTIONS 

Name (Comment) Formula Acceptance 
Solution 

Search 
Range 

Sphere (Unimodal) 2

=1
( ) =

D

i
i

f x x  0.01 [-100, 100]D 

Rosenbrock (Unimodal) 2 2 2
+1

=1
( ) = [100( ) ( 1) ]

D

i i i
i

f x x x x  

 

100 [-10, 10]D
 

Quadric (Unimodal) 2

=1 =1
( ) = ( )

D i

ji j
f x x 

 

100 [-100, 100]D
 

Ackley (Multimodal) 
2

0.2 1
=1

=1

1

( ) = 20 cos(2 ) 20

D

i
D

i n
ii

xn
f x e e πx e

 
     

0.01 [-32, 32]D 

Rastrigin (Multimodal) 2

=1
( ) = ( 10cos(2 ) 10)

D

i i
i

f x x πx   50 [-5.12, 
5.12]D 

TABLE II 
ACCURACY OF THE PROPOSED ALGORITHM VS. PSO (STANDARD), GA (MULTIPLE-CROSSOVER), ABC AND BFA 

 

   Function PSO (Standard) GA (Multiple-Crossover) ABC BFA Proposed 
Algorithm 

Sphere 

Mean 
Std. Dev. 
Median 

Minimum 
Maximum 

4.50×10-95 

2.23×10-94 

6.74×10-100 

6.21×10-104 

1.22×10-93 

9.67×10-17 

5.30×10-16 

2.79×10-22 

2.09×10-23 

2.90×10-15 

1.46×10-75 

2.03×10-75 

6.93×10-76 

4.06×10-77 

8.41×10-75 

2.71×10-5 

2.26×10-5 

2.13×10-5 

3.54×10-7 

8.89×10-5 

9.04×10-208 

3.54×10-208 

5.81×10-208 

3.68×10-209 

8.15×10-207 

Rosenbrock 

Mean 
Std. Dev. 
Median 

Minimum 
Maximum 

1.53×10+1 

2.05×10+1 

9.77×100 

1.81×10-2 

7.29×10+1 

1.01×10+2 

7.50×10+1 

7.83×10+1 

2.03×100 

3.83×10+2 

5.75×10-2 

9.24×10-2 

1.83×10-2 

3.76×10-5 

3.34×10-1 

4.06×10-4 

5.87×10-4 

1.06×10-4 

4.53×10-7 

1.48×10-3 

6.00×10-5 

1.11×10-4 

7.75×10-6 

8.90×10-10 

3.77×10-4 

Quadric 

Mean 
Std. Dev. 
Median 

Minimum 
Maximum 

1.01×10-4 

1.47×10-4 

6.73×10-5 

2.20×10-6 

6.57×10-4 

3.21×10+3 

1.87×10+3 

2.72×10+3 

7.52×10+2 

8.12×10+3 

3.75×10+3 

6.62×10+2 

3.74×10+3 

2.49×10+3 

5.11×10+3 

8.99×10-5 

2.33×10-5 

8.78×10-5 

2.06×10-5 

1.49×10-4 

4.8×10-12 

1.82×10-12 

3.68×10-14 

3.59×10-19 

9.84×10-11 

Ackley 

Mean 
Std. Dev. 
Median 

Minimum 
Maximum 

4.96×10-1 

7.51×10-1 

1.15×10-14 

8.00×10-15 

2.41×100 

1.79×10+1 

7.46×10-1 

1.78×10+1 

1.60×10+1 

1.94×10+1 

3.49×10-14 

4.10×10-15 

3.46×10-14 

3.11×10-14 

4.17×10-14 

2.55×10-3 

1.81×10-3 

2.26×10-3 

1.22×10-4 

5.66×10-3 

1.80×10-14 

6.74×10-15 

2.04×10-14 

6.21×10-15 

2.75×10-14 

Rastrigin 

Mean 
Std. Dev. 
Median 

Minimum 
Maximum 

4.19×10+1 

1.23×10+1 

4.08×10+1 

1.99×10+1 

6.96×10+1 

1.48×10+2 

4.33×10+1 

1.46×10+2 

7.36×10+1 

2.36×102 

2.90×10-15 

2.57×10-15 

1.78×10-15 

1.78×10-15 

1.42×10-14 

1.43×10-4 

1.91×10-4 

9.81×10-5 

4.81×10-9 

9.94×10-4 

2.78×10-15 

1.93×10-15 

1.77×10-15 

1.10×10-15 

8.88×10-15 
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TABLE III 
CONVERGENCE SPEED OF PROPOSED ALGORITHM VS. PSO (STANDARD), GA (MULTIPLE-CROSSOVER), ABC AND BFA 

     Function PSO (standard) GA (multiple-crossover) ABC BFA Proposed method 

Sphere 
Mean 

Std. Dev. 
Ratio (%) 

12131 

1259 
100.00 

166410 

18587 
96.67 

18640 
808 

100.00 

6768 
3242 

100.00 

4885 
3568 

100.00 

Rosenbrock 
Mean 

Std. Dev. 
Ratio (%) 

12445 

6668 
100.00 

166670 

27618 
36.67 

16559 
1691 

100.00 

306 
202 

100.00 

277 
235 

100.00 

Quadric 
Mean 

Std. Dev. 
Ratio (%). 

46554 

6008 
100.00 

Non 

Non 

0.00 

Non 

Non 

0.00 

3594 
2894 

100.00 

1985 
1505 

100.00 

Ackley 
Mean 

Std. Dev. 
Ratio (%) 

16240 

2525 
66.67 

Non 

Non 

0.00 

27511 
1057 

100.00 

4967 
2082 

100.00 

2806 
901 

100.00 

Rastrigin 
Mean 

Std. Dev. 
Ratio (%) 

11777 

10754 
80.00 

Non 

Non 

0.00 

7037 
791 

100.00 

396 
286 

100.00 

2451 
1641 

100.00 

TABLE IV 
MULTI-OBJECTIVE OPTIMIZATION TEST FUNCTIONS 

Problem Number of 
Variables (n) 

Variable 
Bounds Objective Functions Optimal Solutions Comments 

FON 3 [-4, 4]n 

2
1

=1
( ) =1 exp( ( ) )

n

i
i

1f x x
n

    

2
2

=1
( ) =1 exp( ( ) )

n

i
i

1f x x
n

    

1 2 3x = x = x  

1 1,ix
n n

 
 
  

   

=1, 2, 3i  

No convex 

ZDT1 30 [0, 1]n 

1 1( ) =f x x  

2( ) = ( ) ( )f x g x h x  

=2 1( ) = + , ( ) = 11 ( )

n
i

i
x

xg x 1 9 h xn g x

 
 

   
 
 

 

1 0 , 1x     

= 0ix  

= 2, 3, ...,i n  

Convex 

ZDT2 30 [0, 1]n 

1 1( ) =f x x  

2( ) = ( ) ( )f x g x h x  

2
=2 1( ) = 1 9 ( ) = 11 ( )

n
i

i
x

xg x , h xn g x

 
           

 

 

1 0 , 1x     

= 0ix  

= 2, 3, ...,i n  

No Convex 

ZDT3 30 [0, 1]n 

1 1( ) =f x x  

2( ) = ( ) ( )f x g x h x  

1 1=2
1( ) =1 9 , ( ) =1 sin(10 )1 ( ) ( )

i
i

n
x x xg x h x πxn g x g x

 
 
 
 
 
  
 


  


 

1 0 , 1x     

= 0ix  

= 2, 3, ...,i n  

Convex and 
Disconnected 

TABLE V 
OPTIMIZATION ALGORITHMS AND THEIR PARAMETERS 

TABLE VI 
RESULTS OF 4 OPTIMIZATION ALGORITHMS VS. THE PROPOSED ALGORITHM ON FON TEST FUNCTION 

Proposed Algorithm SPEA2 Sigma MOPSO NSGAII Performance Metric 
2.713×10-5 1.386×10-3 3.637×10-4 1.056×10-3 GD  
2.081×10-3 9.037×10-1 7.437×10-1 8.747×10-1 Δ  
9.952×10-1 9.921×10-1 9.928×10-1 9.904×10-1 MS  

 

Reference Function Evaluation Mutation (Disturbance) Rate Crossover Rate Population Size Algorithm 

[36] 15000 0.1 1 100 NSGAII 

[41] 15000 0.1 ------- 100 Sigma MOPSO 

[71] 15000 0.1 1 100 SPEA2 
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TABLE VII 
RESULTS OF 4 OPTIMIZATION ALGORITHMS VS. THE PROPOSED ALGORITHM ON ZDT1 TEST FUNCTION 

Proposed algorithm SPEA2 Sigma MOPSO NSGAII Performance Metric 
9.712×10-5 2.724×10-2 1.867×10-3 2.054×10-2 GD  
2.054×10-1 9.210×10-1 7.796×10-1 9.513×10-1 Δ  
9.985×10-1 8.900×10-1 6.244×10-1 9.029×10-1 MS  

TABLE VIII 
RESULTS OF 4 OPTIMIZATION ALGORITHMS VS. THE PROPOSED ALGORITHM ON ZDT2 TEST FUNCTION 

Proposed algorithm SPEA2 Sigma MOPSO NSGAII Performance Metric 

8.087×10-5 

2.098×10-1 

9.987×10-1 

3.672×10-2 

1.000×100 

7.456×10-1 

3.103×10-2 

1.000×100 

2.194×10-1 

3.274×10-3 

1.041×100 

7.732×10-1 

GD  
Δ  

MS  

TABLE IX 
RESULTS OF 4 OPTIMIZATION ALGORITHMS VS. THE PROPOSED ALGORITHM ON ZDT3 TEST FUNCTION 

Proposed algorithm SPEA2 Sigma MOPSO NSGAII Performance Metric 
4-10×1.652 2-10×2.111 4-10×3.238 2-10×2.079 GD 
1-10×2.994 010×1.004 1-10×8.914 010×1.036 Δ 
1-10×9.945 1-10×9.085 1-10×9.057 1-10×9.143 MS 

 

 
Fig. 1. Non-dominated solutions of the proposed algorithm on FON. 

 
Fig. 2. Non-dominated solutions of the proposed algorithm on ZDT1. 

 
Fig. 3. Non-dominated solutions of the proposed algorithm on ZDT2. 

 
Fig. 4. Non-dominated solutions of the proposed algorithm on ZDT3.
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where, 1k  and 2k  are design parameters; 1q  and 2q  are the 
widths of boundary layers of sliding surfaces; and 1̂u  and 2û  
denote the equivalent- control inputs which are calculated by 
considering that 

1
S  and 

2
S  equal zero. From equation (11), 

it can be inferred that if 
1 2

= =u u u , then only either 1x  and 

2x  around the sliding surface 1S , or 3x  and 4x  around the 
sliding surface 2S  approach zero. In other words, the classic 
sliding mode control can only control one of these sets: 1x   
and 2x , or 3x  and 4x . However, the true aim is to design a 
system that can handle both subsystems simultaneously. One 
way to achieve that goal is using the decoupled sliding mode 
approach. 

This method first divides the system into two subsystems, 
i.e. A and B. Subsystem A includes 1x  and 2x variables and 
the sliding surface 1S , while subsystem B comprises 3x  and 

4x variables and the sliding surface 2S . The main purpose of 
this controller is to direct the state variables in subsystem A 
towards the sliding surface 1S , which equals zero, so 1x  and 

2x in turn approach zero exponentially. The second purpose 
is to reach the sliding surface 2S , which also equals zero, by 
using the state variables of subsystem B. Since the main 
objective is to stabilize system A, information of system B is 
considered the secondary data, which has to be transmitted 
via a mechanism to the primary data. Hence, a new variable 
called z  is defined which conducts this transmission. The 
sliding surface S1 is then transformed as follows: 

 1 1 1 2=S c x z x                             (16) 

Thus, the main objective changes from 1 0x   and 2 0x   
to 1x z  and 2 0x  , in a way that z  is a function of 2S . 
Now both primary and secondary objectives are correlated 
and can be controlled simultaneously, using z  which is 
defined as: 

  2

2

= sat( )
φ u
Sz z                                (17) 

where, 2φ  indicates the width of the boundary layer for S2, 
and uz  represents the upper range of z . Since the control 
input belongs to sliding mode controller of system A, 
therefore, according to the sliding mode control theory, 

1
=u u  is regarded for the whole system. Moreover, boundary 

layers of 1x  can be determined by 0 1u< z   and uz z . 
In other words, the maximum absolute value of 1x  is always 
bounded. Thus, uz  is the upper bound of z , and also a 
decreasing signal, since because it is less than 1. The main 
purpose of equation (16) is to set 1x  and 2x  equal to zero, 
based on the sliding mode control [26]. Resultantly, to 
control a fourth-order system using sliding mode control the 
following is obtained: 

1 1 2 1 1 1 1=S c x c z f b u                          (18) 
in which, 

2

2

2
2

2 2

= 0 if 1
φ

= if 1
φ φ

u

Sz

z Sz S <










                  (19) 

On the other hand, 

2 2 3 4 2 4 2 2= =S c x x c x f b u                 (20) 
It is also possible to determine the control input û  by setting 
equation (18) equal to zero as follows: 

 

 

1 2
1 1 2 2 2 4

1 2 2
1 2

2

2
1 1 2

1 2

1ˆ = if 1
φ

φ

1ˆ = if 1
φ

u

u

c z Su f c x f c x <
c z φb b

Su f c x
b

    
     

    

       

      (21) 

With regards to sliding mode theory, a system must be 
controlled in such circumstances that all the routes lead to the 
sliding surface. To this end, a discontinuous sentence is 
added to the equivalent control: 

1 1

1

( )ˆ= sat
φ

S b xu u k
 

  
 

                        (22) 

where, k  is the design parameter, and 1φ  indicates the width 
of boundary layer of sliding surface 1S . 

IX. DECOUPLED FUZZY SLIDING MODE CONTROL 
(DFSMC) 

The basis of this controller is the same as decoupled 
sliding mode controller, but with a minor distinction of 
defining the control coefficients 1c , 2c , 1φ  and 2φ  through 
using fuzzy logic. To this end, Singleton fuzzifier, product 
inference engine and the weighted average defuzzifier are 
employed to express if-then rules as follows: 
If ( ) 1NX t   , then 1S  , 0M  ,  and 0B  . 

If 1 ( ) 0NX t   , then ( )NS X t  , ( ) 1NM X t  , 
and 0B  . 
If 0 ( ) 1NX t  , then 0S  , ( ) 1NM X t   , and 

( )
N

B X t . 

If ( ) 1NX t  , then 0S  , 0M  , and 1B  . 
in which, for design coefficients 1c  and 2c , XN(t) is equal to 
normalized values of the state variables 1x  and 3x , 
respectively; whereas, for 1φ  and 2φ , it respectively equals 
the normalized sliding surfaces 1S  and 2S . Thus, the 
fuzzified control coefficients are calculated by following 
equations: 

1 1 1β Δfc = c w                               (23) 

2 2 2β Δfc = c w                              (24) 

1f 1 3φ = φ β Δw                               (25) 
 2f 2 4φ = φ β Δw                              (26) 

where, 1fc , 2fc , 1φ f  and 2φ f  are fuzzified control 
coefficients; 1β , 2β , 3β  and 4β  are in turn some constants 
utilized as design variables alongside k , uz , 1c , 2c , 1φ  and 

2φ . Further, Δw  is calculated as: 
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( )
Δ =

( )
S M BS w M w B w

w
S + M B

 


                 (27) 

in which, Sw , Mw  and Bw  are equal to 1, 0 and 1, 
respectively. Fig. 5 displays membership functions for fuzzy 
variable Δw  and fuzzy rules. 

 
Fig. 5. Membership functions for fuzzy variable Δw . 

X. UNDERACTUATED SYSTEMS 
An underactuated system is a plant in which controlled 

degrees of freedom outnumber the control inputs. In contrast, 
fully-actuated control systems have only one control input for 
each degree of freedom. Although underactuated systems 
outweigh fully-actuated ones in terms of energy saving and 
production cost reduction, controlling such systems are 
considerably more complicated due to insufficiency of 
control inputs. Consider the following dynamic system: 

1 2= ( , , , ) = , , , ) ( , , , )X F X X U t f (X X U t f X X U t U
(28) 

where, X , U  and t  represent position vector, control input 
vector and time, respectively. A dynamic system with the 
above-mentioned equation is fully-actuated if 

2rank[ ( , , )] dim[ ]f X X t X , and it is underactuated if 

2rank[ ( , , )] dim[ ]f X X t X . 
The proposed optimal control method is employed and 

evaluated on three different systems: underactuated inverted 
pendulum, ball and beam and seesaw, which are all 
nonlinear, inherently unstable and fourth-order systems. 

A. Underactuated Inverted Pendulum System 
Inverted pendulum constitutes a well-known classic 

system in dynamics and control engineering. This system 
comprises a pole attached to a cart moving on a track by the 
external power u  from a DC motor. Fig. 6 illustrates the 
schematic of an underactuated inverted pendulum system. 
Dynamic equations of this system are as follows: 

1 2

2 1 1

3 4

4 2 2

=
= ( ) ( )
=
= ( ) ( )

x x
x f x b x u d
x x
x f x b x u d

 

 

                    (29) 

in which, 
2

1 1 1 2
1 2

1

sin sin cos
( ) =

4( cos )3

t p

t p

m g x m L x x x
f x

L m m x




          (30) 

1
1 2

1

cos
( ) =

4( cos )3 t p

xb x
L m m x

                   (31) 

2
2 1 1 1

2 2
1

4 sin sin cos3( ) =
4 cos3

p p

t p

m L x x m g x x
f x

m m x




        (32) 

2 2
1

4( ) =
43 ( cos )3 t p

b x
m - m x

                   (33) 

1
= θx  is the angle between pole and the vertical axis; 

2
= θx  is the angular velocity of pole relative to the vertical 

axis; 
3

=x x  is the location of the cart; 
4

=x x  is the 

velocity of the cart; mc is the mass of the cart; pm  is the 
mass of pole; tm  is the sum of masses of pole and the cart (

+t c pm m m ); L  is half of the length of the rod; g  is the 
gravitational acceleration; and d  is the absolute value of 
external disturbances exerted on the system, which does not 
exceed 0.0873 ( 0.0873d  ). The desirable objective is to 
stabilize the system around its unstable equilibrium point, i.e. 
maintaining the pole in vertical position ( 1 0x    ) and 
placing the cart at the origin ( 3 0x x  ). The physical 
parameters of the system are listed in Table X according to 
Hung & Chung’s work [26]. 

2L

mc

mp

u

Cart position

Pole angle

 
Fig. 6. The schematic of an underactuated inverted pendulum system. 

TABLE X 
PHYSICAL PARAMETERS OF THE INVERTED PENDULUM SYSTEM 

ACCORDING TO [26] 

Value Parameter 
1 kg Cart Mass ( cm ) 

0.05 kg Pole Mass ( pm ) 
1 m Rod Length ( 2L ) 

2m/s 9.81 Gravitational Acceleration ( g ) 

B. Underactuated Ball and Beam System 
This system is one the most well-known and prominent 

experimental models in control systems engineering. 
Comprehending this system is quite simple and it covers 
many classical and cutting-edge approaches in respect of 
stabilization. A metal ball rolls on top of a long beam in this 
system. The beam, in turn, is mounted on an electrical motor 
shaft, and can tilt around its central axis by an electrical 
control signal (u ). The control objective is to regulate the 
position of the ball on the beam so that it moves on the beam 
with a relative acceleration to the beam oscillation. Fig. 7 
illustrates the schematic of this system. 
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m

Beam angle

Motor

u

 
Fig. 7. The schematic of an underactuated ball and beam system. 

Dynamic equations of this system are as below: 
1 2

2 1 1

3 4

4 2 2

=
= ( ) ( )
=
= ( ) ( )

x x
x f x b x u d
x x
x f x b x u d

 

 

                    (34) 

in which, 

3 2 4 1
1 2

3

(2 cos( ))
( ) =

mx x x g x
f x

mx J





               (35) 

1 2
3

1
( ) =b x

mx J
                             (36) 

2
2 1 3 2

5
( ) = ( sin( ) )

7
f x g x x x                    (37) 

2 ( ) = 0b x                                    (38) 

where, 1 = θx  is the angle between beam and vertical axis; 

2 = θx  denotes the angular velocity of beam related to 

vertical axis; 3 =x x  indicates the position of ball; 

4 =x x  refers to the ball speed; J  is the beam’s inertia 
moment; and, finally, g  is the gravitational acceleration. In 
this system the desirable objective is to keep the beam 
horizontal, ( 1 0x    ) and the ball at the center of beam (

3 0x x  ). The physical parameters of this system are 
shown in Table XI according to a work done by 
Mahmoodabadi et al. [10]. 

TABLE XI 
PHYSICAL PARAMETERS OF THE BALL AND BEAM SYSTEM ACCORDING 

TO [10] 

Value Parameter 
0.05 kg Ball Mass ( m ) 

2kg.m 0.0833 Moment of Inertia ( J ) 
2m/s 9.81 Gravitational Acceleration ( g ) 

C. Underactuated Seesaw System 
Schematic form of an underactuated seesaw system is 
demonstrated in Fig. 8. Regarding the basics of physics, if the 
vertical line along the center of gravity of the inverted wedge 
does not pass through the fulcrum perpendicularly, then, the 
inverted wedge will result in a torque and rotate until 
reaching the stable state. In order to achieve a stable state, 
this system is equipped with a cart which is free to move on 
the wedge. With an external force (u ) exerted on the wedge, 
an opposite torque will be produced, which can lead to 
stability of the system. Dynamic equations of this system are 
as below: 

1 2

2 1 1

3 4

4 2 2

=
= ( ) ( )
=
= ( ) ( )

x x
x f x b x u d
x x
x f x b x u d

 

 

                    (39) 

in which; 
2 2

2 1 3 1 1 4
1

sin( ) sin( )
( ) = pMgr x mg x r x α f x

f x
J

   


(40) 

1
1( ) =b x
m

                                   (41) 

2 1 4( ) sin( ) cT
f x = g x x

m
                        (42) 

1
2 ( ) =

rb x
J

                                   (43) 

Wedge angle

M m

Fulcrum

fp
Centre of gravity

α 

 
Fig. 8. The schematic of an underactuated seesaw system. 

where, 1 = θx  is the angle between vertical line along the 
wedge’s center of gravity and the perpendicular line from the 
fulcrum; 2 = θx  is wedge’s angular velocity; 3 =x x  

denotes the position of wedge; 4 =x x  refers to the velocity 
of wedge; M  and m  are respectively the masses of inverted 
wedge and cart; g , in turn, indicates the gravitational 
acceleration; while, 1r  and 2r  respectively represent the 
heights of inverted wedge its center of gravity (CG). 
Furthermore, J  is the moment of inertia of the inverted 
wedge; pf  denotes the rotational friction coefficient of the 
wedge; cT   represents the friction coefficient of the cart; and 

finally, 1
3 1= tan ( / )x r   signifies the angle between the 

line drawn from fulcrum to the cart wheels and the 
perpendicular line from the fulcrum which also passes 
through the CG of the wedge. In this system, the ultimate 
objective is to stabilize the system around its unstable 
equilibrium point, namely, coincidence of the vertical axis 
passing through the CG of the wedge with the axis 
perpendicular to fulcrum ( 1 0x    ), and positioning the 
wedge at the origin ( 3 0x x  ). Physical parameters of this 
system, according to the same in [10], are listed in Table XII. 

XI. SIMULATION OF UNDERACTUATED SYSTEMS 
In this study, the simulation for the above introduced 

systems along with the control and optimization operation is 
carried out by MATLAB software. Proper objective 
functions are defined for each system, and the optimization 
is performed by using the proposed hybrid algorithm for both 
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DSMC and DFSMC controllers. In all optimization 
operations, the population size and the number of iterations 
are considered to be 80 and 100, respectively. Furthermore, 
during the process, a constraint known as the maximum 
absolute value of the control force is defined for each system 
such that designing control coefficients would not cause it to 
exceed a certain number. 

TABLE XII 
PHYSICAL PARAMETERS OF THE SEESAW SYSTEM ACCORDING TO [10] 

Value Parameter 
1.52 kg Wedge Mass ( M ) 

0.46 kg Cart Mass ( m ) 
2kg.m 0.044 Moment of Inertia of Wedge ( J ) 

0.148 m Wedge Height ( 1r ) 
0.123 m Center of Gravity Height ( 2r ) 

0.3 Friction Coefficient of Wedge ( pf ) 
0.7 Friction Coefficient of Cart ( cT ) 

2m/s 9.81 Gravitational Acceleration ( g ) 

A. Simulation and Results for Underactuated Inverted 
Pendulum System 

In order to design a multi-objective optimization for the 
underactuated inverted pendulum system, two pairs of 
objective functions are utilized. The first is defined as 
follows: 

01 = θ( )tf t dt                                (44) 

02 = ( )tf x t dt                                (45) 

in which, 1f  indicates the sum of area under the graph of pole 

angle change, and 2f  represents the sum of area under graph 
of cart position change. 

The second pair is introduced as in (46) and (47): 

1 0 0= θ( ) ( )t tf t dt x t dt                        (46) 

2 0= ( ) max( ( ) )tf u t dt u t                     (47) 

where, 1f  denotes the total sum of areas under the graphs of 
pole angle change and sum of areas under the graphs of cart 
position change, while 2f  signifies the total sum of area 
under the graph of force control and its maximum absolute 
value. In this system, for both groups of functions, t  is 
considered 20 seconds and the maximum absolute value of 
control force is equal to 40N. Initial values of the system are 
as follows: 

1

2

3

4

(0) θ(0) = / 3,

(0) = θ(0) =
(0) = (0) = 0,
(0) = (0) = 0.

x = π

x 0,
x x
x x



 

Table XIII shows the search space of design variables for 
achieving optimal solutions by the proposed algorithm for 
inverted pendulum system. Figs. 9 and 10 illustrate the 
comparative Pareto plots resulted from optimization of the 
two pairs of objective functions. As it can be observed, 
DFSMC offers superior responses in comparison with the 
DSMC, in both cases. Table XIV, moreover, displays 
objective function values, maximum absolute value of 

control force, and the control coefficients of points A, Á, B 
and B́ for both controllers. This table also demonstrates that 
DFSMC outperforms the DSMC in terms of objective 
function responses and maximum absolute value of control 
force. For further validation of the proposed solution, cart 
position change and pole angle change graphs around the 
optimal points A, Á, B and B ́are compared with Hung and 
Chung’s work in which they introduced a decoupled fuzzy 
sliding mode controller, in conjunction with the fuzzy neural 
network, to control the inverted pendulum system. As it is 
evident from Figs. 11 and 12, responses collected from 
DFSMC surpass those of the mentioned in [26] in respect of 
control performance around the equilibrium points. Data 
show that the novel approach successfully causes the cart 
position and the pole angle to converge to the optimal state 
in a shorter time. 

TABLE XIII 
SEARCH SPACE OF DESIGN VARIABLES FOR THE INVERTED PENDULUM 

SYSTEM 

Design Variables Search Space 

1c  [1,10] 

2c  [0.1,5] 

1φ  [0.1,2] 

2φ  [1, 20] 

k  [1,20] 

uz  [0, 1] 

1β  [0.5,2] 

2β  [-2,2] 

3β  [-4,4] 

4β  [0.1,1] 

 
 
 

 
Fig. 9. Pareto fronts of the first pair of objective functions for the inverted 

pendulum system. 
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Fig. 10. Pareto fronts of the second pair of objective functions for the 

inverted pendulum system. 

TABLE XIV 
OBJECTIVE FUNCTIONS’ VALUE, MAXIMUM ABSOLUT VALUE OF CONTROL 
FORCE, AND CONTROL COEFFICIENTS OF POINTS A, Á, B AND B ́ FOR THE 

INVERTED PENDULUM SYSTEM 
Point A Á B B ́

1f  1.1763 1.2493 19.5556 32.4615 

2f  17.8399 20.8682 53.0877 54.9467 

max( )u  39.8685 39.9850 33.7013 35.5952 

1c  3.5738 3.0421 3.0320 3.0089 

2c  0.4112 0.4212 0.6984 0.3426 

1φ  0.6350 0.5068 0.5306 0.9518 

2φ  11.1785 11.0823 11.0851 12.0061 

k  14.1095 12.1529 10.3055 10.0878 

uz  0.9995 0.9969 0.9973 0.9183 

1β  0.9432 ------- 0.9972 ------- 

2β  0.1636 ------- -0.4535 ------- 

3β  -1.8865 ------- -1.8265 ------- 

4β  0.6930 ------- 0.5906 ------- 

 
Fig. 11. Pole angle changes for the inverted pendulum system. 

 
Fig. 12. Cart position changes for the inverted pendulum system. 

B. Simulation and Results for the Underactuated Ball and 
Beam System 

To achieve an optimal multi-objective design for the 
underactuated ball and beam system, two pairs of objective 
functions are employed as follows: 
First pair: 

1 0 0= θ( ) ( )t tf t dt x t                          (48) 

2 0= ( ) max( ( ) )tf u t dt u t                      (49) 
Second pair: 

1 1 20 0= ( ) ( )t tf S t dt S t                       (50) 

2 0= ( ) max( ( ) )tf u t dt u t                      (51) 

In the first pair, objective function 1f  represents the total sum 
of areas under the graphs of beam angle and sum of areas 
under the graphs of ball position changes; whereas, objective 
function 2f  indicates the total sum of area under the graph of 
control force and its maximum absolute value. 
In second pair, however, 1f  denotes the total sum of areas 
under the graphs of siding surfaces 1S  and sum of areas 

under the graphs of siding surfaces 2S , while 2f  is the same 
as in the first pair of functions. In this system t  is considered 
10 seconds, for both pairs of objective functions, and the 
maximum absolute value constraint is set equal to 5N. 
Besides, the initial conditions are defined as follows: 

1

2

3

4

(0) = θ(0) = / 3,

(0) = θ(0) = 0,
(0) = (0) = 0.1,
(0) = (0) = 0.

x π

x
x x
x x

 

Table XV shows the search space of design variables for 
achieving optimal solutions through the proposed algorithm 
for ball and beam system. Figs 13 and 14 represent 
comparative Pareto plots resulted from optimization of the 
two pairs of objective functions. As it can be seen, DFSMC 
controller, in both cases, yields superior responses in 
comparison with DSMC. Table XVI displays values of 
objective functions, maximum absolute value of control 
force, and the control coefficients of points A, Á, B and B́ for 
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both controllers. This table also demonstrates that DFSMC 
bring about more optimal responses in terms of objective 
functions and maximum absolute value of control force 
compared to the coupled sliding mode controller. For further 
validation of the proposed solution, control graphs of the 
optimal points A, Á, B and B́ are compared with those of the 
work done by Mahmoodabadi et al. [10], in which, they 
introduced an optimal DFSMC for underactuated fourth-
order nonlinear systems based on the genetic algorithm. As it 
is apparent from Figs 15-19, solutions of the DFSMC 
outperform those of DSMC for both pairs of objective 
functions. In other words, responses of the optimal point A, 
compared to other selected optimal points and also to those 
of the mentioned reference [10], can lead system states 
towards the desirable states more accurately, with less 
control force and in a shorter period of time. 

TABLE XV 
SEARCH SPACE OF DESIGN VARIABLES FOR THE BALL AND BEAM SYSTEM 

Design Variables Search Space 

1c  [1,100] 

2c  [0,5] 

1φ  [2000, 8000] 

2φ  [-1,20] 

k  [1,40] 

uz  [0,1] 

1β  [0.1,2] 

2β  [-2,2] 

3β  [-2,2] 

4β  [-1000,100] 

 
 
 

 

 
Fig. 13. Pareto fronts of the first pair of objective functions for the ball and 

beam system. 

 
Fig. 14. Pareto fronts of the second pair of objective functions for the ball 

and beam system. 

TABLE XVI 
OBJECTIVE FUNCTIONS’ VALUE, MAXIMUM ABSOLUT VALUE OF CONTROL 
FORCE, AND CONTROL COEFFICIENTS OF POINTS A, Á, B AND B ́ FOR THE 

BALL AND BEAM SYSTEM 
Point A Á B B ́

1f  0.1875 0.3614 55.8828 117.0535 

2f  4.2842 5.2181 4.1333 4.6134 

max( )u  3.5225 4.0559 3.3773 3.3964 

1c  63.9214 27.3878 55.6710 48.3208 

2c  1.2923 0.7228 1.0906 0.3179 

1φ  5013.3474 5859.1709 5016.1855 4622.8856 

2φ  0.0998 0.0112 0.0989 0.0316 

k  28.2431 14.8475 28.4052 9.6499 

uz  0.9899 0.2261 0.8659 0.2371 

1β  0.2338 ------- 0.7363 ------- 

2β  -0.1027 ------- -0.1348 ------- 

3β  0.0972 ------- 0.0789 ------- 

4β  -720.7563 ------- -660.0306 ------- 

Fig. 15. Beam angle changes for the ball and beam system. 
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Fig. 16. Ball position changes for the ball and beam system. 

Fig. 17. Sliding surface S1 for the ball and beam system. 

Fig. 18. Sliding surface S2 for the ball and beam system. 

C. Simulation and Results for the Underactuated Seesaw 
System 

In order to stimulate the underactuated seesaw system and 
achieve an optimal control, the following three objective 
functions are defined: 

 

1 0= θ( ) +max( θ( ) )tf t dt t                      (52) 

2 0= ( ) max( ( ) )tf x t dt + x t                     (53) 

3 0= ( ) max( ( ) )tf u t dt + u t                     (54) 
where, 1f  represents the total sum of area under the graph of  
wedge angle and its maximum absolute value, 2f  denotes the 
total sum of area under the graph of cart position and its 
maximum absolute value and 3f  is the total sum of area 
under the graph of control force and its maximum absolute 
value. In this system, t  is considered 10 seconds and the 
maximum absolute value of control force is equal to 10 N. 
Furthermore, the initial conditions in this system are set as 
follows: 
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Fig. 19. Control force u for the ball and beam system. 

Table XVII shows the search space of design variables for 
achieving optimal solutions through proposed algorithm for 
the seesaw system. Fig. 20 displays the Pareto front resulted 
from optimization implementation of two controllers, i.e. 
decoupled sliding mode and the decoupled fuzzy sliding 
mode, based on the proposed optimization algorithm. 
According to the figure, optimal solutions obtained from the 
three-objective optimization of DFSMC are superior to those 
of DSMC in terms of metric systems of generational distance, 
diversity and maximum spread. Moreover, Table XVIII 
demonstrates values of objective functions, maximum 
absolute value of control force, and the control coefficients 
of points A and Á for both controllers. This Table also 
denotes that decoupled fuzzy sliding mode controller has 
achieved more optimal responses regarding three 
aforementioned objective functions and the maximum 
absolute value of control force. Additionally, for validation 
and further examination of the two controllers, control graphs 
of the selected optimal points A and Á are compared with 
those of the work of Mahmoodabadi et al. [10]. As it is 
evident from Figs. 21-25, responses obtained from the 
proposed algorithm in the present study show a superiority to 
those from decoupled sliding mode controller and those of 
the mentioned in [10].  
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TABLE XVII 
SEARCH SPACE OF DESIGN VARIABLES FOR THE SEESAW SYSTEM 

Design Variables Search Space 

1c  [1,25] 

2c  [-2,8] 

1φ  [0.1, 15] 

2φ  [1,500] 

k  [1,40] 

uz  [0,1] 

1β  [0,5] 

2β  [-1,2] 

3β  [-5,5] 

4β  [-2,5] 

 
Fig. 20. Pareto fronts resulted from three objective functions for the seesaw 

system. 

TABLE XVIII 
OBJECTIVE FUNCTIONS’ VALUE, MAXIMUM ABSOLUT VALUE OF CONTROL 

FORCE, AND CONTROL COEFFICIENTS OF POINTS A AND Á,  
FOR THE SEESAW SYSTEM 

Point A Á 

1f  0.7203 0.7370 

2f  0.4948 0.5059 

3f  7.0707 31.9218 

max( )u  4.5438 5.0873 

1c  10.4362 9.5415 

2c  -0.1291 0.3233 

1φ  1.2507 2.4743 

2φ  42.7307 157.6504 

k  4.6240 2.8267 

uz  0.9224 0.6256 

1β  2.6836 ------- 

2β  1.3023 ------- 

3β  2.1460 ------- 

4β  1.2925 ------- 

 
Fig. 21. Wedge angle changes for the seesaw system. 

 
Fig. 22. Cart position changes for the seesaw system. 

 
Fig. 23. Sliding surface S1 for the seesaw system. 

These Figures reveal that the proposed algorithm can overlap 
optimal states more accurately and with less control force. 
Looking at the graphs of the control force resulted from 
DSMC and the mentioned in [10] proves that there exist 
undesirable effects of chattering phenomenon (Fig 25); 
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whereas the DFSMC does not bring about such unwanted 
effects and can cause the control force to converge to zero in 
less than 3 seconds. 

 
Fig. 24. Sliding surface S2 for the seesaw system. 

 
Fig. 25. Control force u for the seesaw system. 

XII. CONCLUSION  
This paper proposes an optimal multi-objective decoupled 

fuzzy sliding mode control technique, based on a robust 
hybrid optimization algorithm, to control and stabilize 
underactuated nonlinear coupled systems. This approach is a 
general and desirable design technique used to achieve 
control objectives for some sorts of nonlinear systems. The 
underlying idea of this proposed optimization algorithm is 
that the artificial bee colony (ABC) and the bacterial foraging 
(BF) algorithms be optimally combined. 

This technique, moreover, requires two steps for 
implementation. The first is to design a decoupled fuzzy 
sliding mode control; and the second comprises employing 
the proposed hybrid algorithm to search within the 
determined space of design variables and achieve the best 
responses in form of an optimal Pareto front. The simulation 
and results on three nonlinear systems, i.e. inverted 
pendulum, ball and beam and seesaw, show that the proposed 
technique is able to achieve an accurate control together with 
stable operation of those systems around their equilibrium   
Points. 
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